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INTRODUCTION 
With the advent of the high-speed electronic com­
puter, applied quantum mechanics has become a valuable tool 
for chemical research. However, there are yet a large num­
ber of approximations involved in any application of molec­
ular quantum mechanics. The decision of which of the many 
procedures to employ for any particular problem depends on 
the needed accuracy of results, the availability of computer 
resources, and, of course, the information desired. Also, 
conformabllity with previous calculations and ease of inter­
pretation can be of consequence. For this last reason, 
making the state function for a molecular system a function 
of atomic orbitals has achieved widespread popularity. For 
other of the above-mentioned factors, the method of linear 
combination of atomic orbitals is very useful; thus there 
are various approximations available to make this method 
tractable for almost any computer facility. · 
In order·to·view applied molecular quantum mechanics 
in proper perspective,· we present a discussion of the funda­
mental theory in Chapter r. Of course, no treatment of this 
size can be complete, so that we attempt to emphasize. those 
aspects which are usually not considered in molecular quantum 
mechanics. 
Chapter II contains a brief .survey of molecular quan-. 
tum mechanics. Special attention is given to the artificial 
2 
constraints usually employed, but seldom mentioned. Again, 
we have not attempted to be complete, but present only the 
valence bond (or spin-state) and the linear combinations of 
atomic orbitals-molecular orbitals (LCAO-MO) methods. 
Some of the details of the LCAO-MO method are dis­
cussed in Chapter III. In particular, available one-term 
Slater-type orbitals are discussed with three different 
recipes for determining the orbital parameters. A method 
for determining the diagonal elements of the Hamiltonian 
matrix, including those for the core electrons, is pro-. 
posed and the equat·ions needed are derived. Also, we 
propose two more methods for evaluating the off-diagonal 
elements of the Hamiltonian matrix. The units used in 
Chapter III, and following are the atomic units: the 
unit of length is aH = . 529 x 10
-s cm, and the unit of 
energy is 27. 19 electron volts. Thus the measures of�, 
� (rest mass of the· electron), _e {charge of the electron), 
and h/2n are all unity; the· mecl.sure of the spee·d of light is 
137. 
The integrals needed for the matrix element deter­
mination by the methods of Chapter III are evaluated in 
Chapter IV. Coordinate systems used by these methods are 
also discussed. The needed computer programs for applica­
tion of these formulae were written in the IBM PL-1 language 
for the IBM 360-40 OS computer complex at the Dow Corning 
Corp . ,  Midland, Michigan. These computer programs are 
discussed in Volume II of this work, Computer Programs 
for the Application of the Methods. The second volume 
is not a part of the thesis because the South Dakota 
State Graduate School is more concerned about the size 
of margins than the contents therein. 
In Chapter V we use the-method for calculating 
diagonal elements, discussed in Chapter III, to study 
the ionization potentials of the Silicon -1, O, +l, +2, 
and +3 ions. These are compared with experiment, and 
with more exact calculation, when available. Ou� cal­
culations were performed using all three different 
orbital parameter recipes. (Henceforth, we will refer 
to the different recipes as constituting different 
types of orbitals.) 
The methods of Chapter III are used in Chapter VI 
to calculate the self-consistent field energies and wave­
functions for the_ NI-band NH4 -molecules for the Burns 
and the Slater re�ipes. The.wavefunctions for these 
molecules are not made self-co'nsistent for the Clementi 
orbitals. 
The conclusions reached by the author, after the 
above research was completed, ·are given in Chapter VII. 
3 
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I. QUANTUM MECHANICS 
Events seem to be caused by an external world and 
brought to our minds via sense interaction with the exter­
nal world. Thus we consi�er the part of the external world 
which is causing events of interest to us as fundamental, 
and call this region of the universe our system. We con­
sider the measurements of properties of our system of 
subordinate importance. 1 Thus we state the wavefunction 
hypothesis2 : The state of any system can be described as 
completely as possible by some continuous function of 
parameters, called coordinates. This state function,�, 
must be well-behaved in some space. In general,� will 
be a complex valued function determined by its value on 
some hyperplane at some given time. 
We adopt the interpretation that� is, in every way, 
a mathematical analogue to our physical system. Thus we 
½he alternative point of view, that· the observa­
tions are of fundamental importance, is presented in the 
treatment· on quantum·mechanics by P. Roman in his book, 
Theory of Elementary Particles, North Holland Publishing 
Company-;-Amsterdam, 1964. 
· 2From my lecture notes of Theoretical Physics, an 
undergraduate course taught by G. H. Duffey in the academic 
year 1964-1965 at South Dako�a State University, Brookings, 
South Dakota. 
consider� to be a function ·or configuration space and 
time3 ; Le. 
� = � (r,t) 
Perhaps� is a function of more coordinates, however we 
will not consider the question of "hidden variables" or 
the reasons for the phenomenologically observed sym..metries 
of elementary particles. 4 We expect our space to have a 
3we adopt here the Schrodinger picture. The 
Heisenberg and Dirac pictures are described in many books; 
for example, one ·might consult s.  Schweber, Relativistic 
Quantum Field Theory, Harper and Row, New York, 1962. 
4we consider particle i to consist of a pair of 
vectors, ri and ui. ri is a 3-vector in configuration space. ui is a two component vector of parameters called 
mass and charge, i. e. 
· u. = (m.,q.) -l l l. 
(See footnote 7.) 
5 
The number ·of particles in a system is the number of 
3-vectors (in configuration s�ace) needed in the description 
of�. Particles _ i and J are .said to be identical if, and 
only if, 
u. = u. 
-l . -J 
(See footnote 12. ) 
Two particles, i and J_, in the system,�, are said to 
be in the same state if 
� {r1, . . . ,· r. , -l. , r . , -J 
r ., , r. , -J �l 
' t) - a� (r 1 , 
, t) 
for some constant, �, ahd every choice of coordinates. 
. . . , 
6 
Minkowski metric in the small, 5 and in this way avoid dis­
cussion of gravitational effects. Hence, our theory cannot 
be expected to apply in the very small (distances on the 
1 
order of L* = (11 G/c3 ) 2 = 1. 6 x 10-33 cm) if the sugges-
tions by Wheeler6 that space is foamlike are correct. 
Now, while performing measurements on our system, 
we notice several properties Qf our observations: 1) All 
quantities measured are combinations of length, time and 
force, 7 and 2) All observers should be equivalent in that 
each can measure properties of the system that any other 
\· 
observer can. The first observation demands that any ob-
servable property of our system be real valued. 8 The 
second observation demands a covariance of equations. 9 It 
is interesting to note that a potential can be considered 
5nistances "in the small" are meant to be on the 
order of 10-15 cm. 
6J. Wheeler, Geometrody'namics, Academic Press, New 
York, 1962,, p '.' 76. · · . ·. 
7From a stand .ard spring which measures force, we 
infer a mass and charge to the bodies in our system. Thus 
we are defining £orce as a displacement on a standard spring. 
It might be noted that physicists are beginning to change 
the nature of many measurements with advanced technology. 
SActually, it seems strange that we do not demand that 
all observables be rational valued, since all markings on our 
instruments are rational fractions of our units. 
9 H. Weyl, Space-Time-Matter, Dover Publications, Inc., 
1950, p. 9. 
7 
as just a term in the equations of motion which is needed 
to express a property of space which varies continuouslr in 
configuration space. Here we do not consider the origins or 
the nature of the potential� but assume that this potential 
is given to us and that the potential can be described by 
a scalar function for some observer. For this reason, we 
are considering only electromagnetic potentials. 10 
Now we have asserted that the state function, ¥, 
must behave in exact analogy with our physical system. 
Thus any operation which leaves our physical system in­
variant, must transform'.¥ into itself or an equivalent, 11 
but possibly mathematically independent function. This 
is tantamount to demanding that '.¥ transform accord.ing to 
the irreducible representations of the group of symmetry 
operations which leave the physical system invariant. 
Presumably, the physical system will be unaffected 
upon any interchange of any number of identical particles. 12 
Thus if we define permutation operator, P, wh�ch interchanges 
10A. Eddington, Mathematical Theory of Relativity, 
Cambridge University Press, New York, 1963, p. 171. 
1\, 1 is equivalent to 'l' 2 if, and only if, every e�pec­
tat ion value of 'l'i is the ·same as the corresponding expecta­
tion value of 'I' 2 • In this case, we write ':¥ 1 = 'l' 2 • 
12This involves the a;sumption that two particles can 
be identical - an.assumption which is disputed, in principle, by Wheeler, �- cit. , p_. 79. 
8 
two identical particles, we have either13 
(1-la) 
or 
P\J.' = - \J.' . (1-lb) 
If equation (1-la) holds, Pis said ·to have interchanged 
two bosons; if equation (1-lb).. holds, P has interchanged 
two fermions. 14 
Because � is, in general, complex valued, we asso­
ciate 
p (r, t) = ( l-2a) 
with the intensity of \J.' at point r at time t. For a system 
of identical particles, we then interpret 
(1-2b) 
as the number of particles, or probability of finding a 
particle in volume dT, centered around point r. 
13For we have P2� = P(Pl') = P(a�) = a2 \J.' = �, so that 
a = ±1. 
14s. Schweber, Relativistic Quantum Field Theory, 
Harper and Row, New York, 1962, p. 123. In this connection, 
P. Roman, op. cit., p. 200, shows that equations (1) are a 
result of the principle of causality: Two observables are 
independent if separated by spacelike intervals. He further 
shows that the bosons must belong to tensorial representations 
of the system symmetry, whereas fe·rmions must belong to 
spinorial representation·s. 
9 
Given two possible state functions 'Y 1 and � 2 for our 
system, we assume that field displacements add algebraically, 
.I 
so that 
is also a possible state function for our system. This is 
called the superposition principle. 15 Because of this pos­
tulate, we can expand a general, one-particle state function, 
'Y, in terms of a linear combination of orthonormal solutions, 
'Y = -z.a.7/J. 
J.· J_ J_ 
(1-3) 
Now let us calculate the scalar product16 of this function 
with itself; 
('YI 'Y) = J ':l'
+':l'dT = 
all 
space 
* :z. a.*a. 
. ' J_ J_ J_ 
J (zi ai *7/1 /Hzj,aj,fl j) dr 
all 
space 
(1-4). 
15a. H. Duffey, Lecture Notes, £E_• cit .. 
16The scalar product of two functions '1/11 and t2 -is 
•defined as 
J 7/11 +7/12clT 
all 
spac� 
where asterisk denotes the complex · conjugate and superscript 
.!. denotes the transpose of the function. 
using the orthonormality of the W· 's. Since we will, in 
l 
general, demand -that all state functions be normalized to 
unity, we interpret (1-4) in a probabilistic manner: 
10 
a.* a. denotes the probability that the particle represented 
J J 
by equation ( 1-3) is in state v; j. 
FREE SPACE 
Now let us try to construct the state function for a 
free particle. 17 We begin by considering where the particle· 
is. The- only conclusion we can reach is that 
'l'� = const (1-5) 
since any probe to try to find the particle would destroy 
the free nature of the particle, i.e., the probe must 
interact with the particle in order to detect it. Our 
system is invariant under all operations of the Lorentz 
.group. Thus we hav�, for a fiee particle, 18 
'l' = u(cr) exp (21ricr•X) = u(�) exp [21ri(cr•r ·- vt)] (1-6) 
17we define a free particle as a particle in iso­
tropic space and uniform time, i.e. , a particle under the 
influence of no non-random.interactions� This definition 
is used so that the picture of the violent, but chiotic, 
vacuum proposed by Wheeler, 9.£_• cit. , p. 78, need not be 
contradicted. 
18For a particularly illuminating development·of this, 
I have included in Appendix 1A the· discussion of G. H. 
Duffey, £E_ cit. 
11 
where a is some four-vector, and where 
The u (a) in equation .(1-6) is, in general, a multicomponent 
function which transforms according to some irreducible 
representation of the Lorentz group. 
We can now·calculate the diffraction of a beam of 
identical particles scattered by a dQmbbell through small 
angles. We expect diffraction due to the superposition 
principle. Consider a beam of ·non-interaction particles 
traveling.through free sp�ce until they are scattered 
through angle e by target (see Figure�). Assume the 
original beam had all particles in phase. �here are two 
possible paths to a given point on the screen; those 
particles· which reach the same point on the screen need. 
no longer be in phase. If e is small enough so that the 
magnitude of the different components of� so not change 
significantly, t_hen the· diffraction pattern predicted by a 
scalar wavefunct·ion. 
'f' = A exp 21r i ( a • r - vt ) 
should be valid. Duffey 19 calculates the pattern to be 
l9 G. H. Duffey, .2.E.. cit. ·The details of this cal­
culation are given in Appendix 2A. 
12 
z 
···-·------ >··---
y 
X 
Figure 1. Beam of identical particles scattered by dumbbell. 
where 
I =  2Io(l + sin sr) sr 
sr - 4rrro sin i 
(1-7) 
where r is the distance between the ends of the dumbbell, 
and where 
Io = amplitude scattered through angle e 
by a single, point target. 
Electron diffraction experiments on diatomic gases 
indicate that o is proportional to electron velocity. 
We write 
(i = l� 2, 3) (1-8) 
By comparing the scattering of particles_ having different 
masses, one can evaluate h, Plank's constant, to be about 
6. 62 x 10�34 _joule sec.· 
REGIONS OF VARYING POTENTIAL20 
Over a small region, space and time are near.ly 
uniform so that equation ·(1-6) holds in the modified form 
20This development is mainly· due to G. H. Dtii'fey� 
2.£.· cit. 
2 3 7 8 O 8 _OUTH DAK TA STATE -.,..iVE � IT Lma.ARY 
13 
'Y (£, t) = u (k,_£_) exp i(k•r - wt) (1-9 ) 
where k is 21rcr ., w is 21rv and 
21rpx/h px/1'1 
k = 
21rpy/h = Pyfh 
21rp /h z p /fl X 
21rE/c - 21rE1rc 
from equation (1-8) and the fact that k must be a four­
vector. Now, the function u (k, £) is constant over the 
region dTdt, s ince� behaves as a plane wave [equation 
(1-6)] there. So at point {x + ox, y, z, t) we get 
'¥ (x + ox., . . . ) = � ikx6
x (x, . . .  )'¥ 
14 
(1-10) 
= [ 1 + ikx6x + 0(6x
2 ) ]'Y . (x, . . .  ) 
if the exponential of ikxox is expanded� 
But, a Mac·1aurin expansion of '¥ with 6y, oz, 
6t = 0 yields 
'¥ ( X + 6 _X, • • ·• ) = '¥ . ( X, . • • • ) +· O '¥ = '¥ ( X, • • • ) 
(1-11) 
+ � � ox + ½ � :� 6 x2 + . . . � ( 1 + 6 x ]x )'¥ ( x, • • • ) 
Comparing equations (1-10) and (1-11), we obtain 
Q.!_ = ik 'Y = i (p �)'Y 
c)X X . X ···· 
15 
or, rearranging., 
Continuing this argument for infinitesmal displace­
ments by amounts oy and oz, we finally conclude 
(fi/i) \71' = .2. 'Y ( l-12) 
Changing time by amount ot, in a similar fashion, 
Duffey also shows 
J'l' -
at 
- -i.m'Y 
or, rearrangil)g, and dividing by£., the .fundamental speed, 
where 
-
) d'Y E -(11./i d( ct) = c 'l' ( l-13) 
Combining equations (1�_12) and ( 1-13), we . have 
. (11/i) � 'Y = ·P 'Y µ . µ 
d 1 
(µ = 1, 2, 3, 4) ( 1-14) 
0 (ct) 
Now we wish to comb ine the infinitesmal elements in 
space in a covariant manner. We have the invariant of 
relativity 
or 
16 
-p2 + (E/c ) 2 - m 2 c2 = 0 (1-15) 0 
Combining equations (1-14) and (1-15) , and sim­
plifying, we obtain the Klein-Gordon equation 
c2m 2 
__ o_) 'l' = 0 
�2 
(1-16) 
If 'l' is. a scalar, then solutions to equation ( 1-16) describe 
the behavior of n or K mesons. 
Remaining somewhat unsatisfied with equation (1-16) , 
we attempt to linearize it so that� will be determined for 
all time if ·we know the value of 'l'{r,t
0
), for a given t
0
• 
Schweber21· ·shows that the linearization of equation (1-16) 
yields the Dirac equation, 
where the�µ are· the 4 x 4 Dir-ac matrices defined by 
and 
i i 
� = f3a 
�
4 = (3 
( i = 1, 2, 3) 
21
s. Schweber, �- cit., p. 66. 
( l-l7a_) 
(1-17b) 
17 
In order for mome·ntum to remain a four-vector in the 
presence of an electromagnetic . potential, we have22 
where 
p - A . = (11/i)d - A 
µ µ µ µ 
( 1-18) 
where Fis the vector potential, ¢ the scalar potential, 
and e is the charge on the particle. 
Inserting ( 1-18) into equation ( 1-16) and lineariz ing, 
we get the Dirac equation in an external field,2 3  
or, in terms of the Dirac matrices, 
Ta_king the non-relativ.istic limit 
E1 = E ·m c 2 - 0 << m c
2 ·• 
- 0 � 
m c 2 ; 
0 
( 1-19a) 
( 1-19b) 
22H. Goldstein, Classical Mechanics, Ad�ison-Wesley 
Publishing Company, Inc. , Reading, Mass., ( 1959) ,  p. 210. 
23H. Bethe, Intermediate Quantum Mechanics, \v. A. 
Benjamin, Inc. , New York, (1964), p. 209. 
18 
of equation (1-19b ) ,  Bethe2 4 shows that� has two large 
components, and two components which vanish in this limit . 
Setting F = O, e¢ = V, S = ½ 11  cr, L = � (�/i ) �, and ex­
panding in powers of (E 1 V) /2m0c
2 , we finally obtain2 5 
-fi
4
�
4 112 dV = [ - (-ri2 /2m) 'v2 + V - 8msc2 - 4m2 c2 d r 
+ 
0 
a r  
( 1-20) 
for spherically symmetric potential V, where �
A 
is either 
large component of�- The last three terms in equation 
( 1-20) are usually neglected in non-relativ istic calcula­
tions; however, the last term does give us an added unex­
pected coupling of particle motion with its angular momentum. 
This term is called the spin-orbit coupling term. Thus, 
equations . ( 1-19) describe the behavior of a particle with 
spin ½; or, more precisely, equations ( 1-19 ) describe the 
behavior of two particles. { Since the equations can be 
separated _into two 2 x 2 equations, such that·. one of the 
two-component functions behaves as a charged particle with 
E )  o, whereas the other two-component ·function acts as a 
particle with opposite charge and has E ( 0. ) 2 6 If the 
2 4 Ibid . , p . 213 • 
25 Ibid. , p. 2 14. 
26
s .  Schweber, �- cit. ,  p. 101 . 
a matrices of equation (1--17b) are chosen to be 
where the ok are the Pauli spin matrices, 
I = 
2 cr = 
19 
0 ) � 
-1 J 
then Schweber2 7  shows that equations ( 1-19) can be wr itten 
as 
( 1 -2 1 ) 
for two component spinor, v. In equation ( 1-21) , H is the 
magnetic f ield present· and E is the electr ic f ield; also 
for the familiar unit - vectors i,  _j_, k. · . In th is representa­
tion, we can consider solut ions to (1-21) for pos itive 
energies as electrons, an� solutions to it for negative 
energies as positrons.28 
27Ibid. , p. 102. It is as sumed that particle has 
spin ½, charge of -e. 
28R. Feynman and M .  Gell-Mann, Phy. Rev . ,  109, 193 
( 1958) . 
2 0  
MANY PARTICLE THEORY 
Since we interpret our theory in a probabilistic 
manner (an interpretation verified by the scattering 
results) ,  we make use of the postulate that independent 
probabilities combine multiplicatively. Consider a system 
of � non-interacting fermions [ equation (1-lb) ] . Each of 
the n fermions then satis fies equation (1-21) for some vi 
( i = 1, 2, , n, n + 1, • • . ) .  As sume that two particles 
are in the same state. 2 9 Then, by definition, 
P'Y = 'Y ( l-22a) 
But, since we have a system of fermions ,  equation (1-lb) 
applies, so that 
· P'Y = -'¥ = 'I' = 0 ( l-22b) 
Hence, we say that _ no · two fermions can occupy the same state � 
If the n fermions are independent, each fermion will 
be a solu�ion
.
to · (1-21) . By our combinatorial postulate, 
'¥ will have to have terms of the sort 
But '¥ must also  satisfy ( 1-lb) . Thus we construct 
the normalized, antisymetrized function 
29see footnote 4. 
2 1 
( 1-2 3 ) 
where P
0 
:ts a permutation operator, interchanging two par­
ticles, i . e . ,  P v . (k)v1 (m) = v . (m)v1 {k ) for some set ( a, a J J 
j , k, 1,  m) . Equation ( 1-23 ) can be written a s  a Slater 
determinant 
Vi (1) V1 (2 )  . . . V1 {n) 
1 V2 (1) V2 (2 )  . . . V2 (n) 
= ( 1-2 4 ) 
� • . 
V ( 1 )  n V (2 ) n vn ( n) 
Here we will not discus s the genera l interaction 
theory between particles . There are texts available on the 
subject . 3 9, 3 1 
GENERAL REMARKS 
We _ have seen that many of our equation� have the 
eigenva luB equation form 
A'¥ = a'¥ ( 1-25 ) 
where A is an operator and a is called the eigenvalue of A 
3 0p .  Roman, �· cit . 
3 1s .  Schweber, £E.,• cit . 
for 'l'. Equations (1- 12) , (1-13) ,  (1-19a) are of this 
form. We calculate the expectation value for A by using 
our statistical interpretation ; thus we write 
22 
<a) = <'l' f A'l') { 1-26) 
We assume that to every observable property of our 
system we can find a corresponding Hermitian32 operator. 
If <a) is the energy of the system, the correspond­
ing operator is called the Hamiltonian, H. Thus equation 
(1-20) , . called the relativistic Schrodinger equation, is 
of the form 
( 1-27) 
where E1 is the (approximate) kinetic plus potential energy 
of the system. If the system is stati onary, i. e. , E1 is . a  
constant, equations (1 - 13) and (1-20 ) can be combined to 
show3 3  
c 1-2s r 
32operator A is Hermitian if � 1 I A'l' 2) = <A'Y 1 1 'l' 2) .  
A proof that (a) is real valued for Hermitian A [ equation 
(1-26) ] is given by H . Margenaw and G .  Murphy, Mathematics 
of Physics and Chemistry, D. Van Nostrand Company, Inc. , 
Princeton, 1962, p. 345 . 
33we must multiply the 'l' in equation (1-13) by exp 
(+ im0c
2! )  first, since we must relate E and E1 • 
23 
where 
T (t )  E
1 
= exp (-i � t)  
Now, because of our superposition principle, we 
demand our operators be linear. Thus all states '¥ must 
exist in Banach space. Duffey3 4  develops operator quantum 
mechanics as will be used hereafter. 
34G. H. Duffey, Physical Chemistry, McGraw-Hill 
Book Company, Inc., New York, 1962 . 
II. MOLECULAR QUANTUM MECHANICS 
Since it wou ld be impossible to give an exhaustive 
treatment to a ll of the approximations and techniques 
available in molecu lar quantum mechan ics, only a brief 
background pertinent to the methods exp licitly used in 
this paper will be g iven. Many books are available on 
this subject. 3 5 -4 0  
In equation (1-21 ) ,  the state for one electron is 
represented as a two component spinor. Let us now change 
our notation, so that 
24 
(2-1 ) 
35 G. H. Duffey, Physica l Chemistry, £.e.· cit. 
36E;ring, Walter, and Kimball, Quantum Chemistry, 
John Wiley and Sons, Inc. , New York, 1944. 
37 D. R. Bate·s, Quantum Theory, Vol. I. , Academic 
Press, New York, 196 1. 
38 , . 
. . . . 
H. Margenaw and G. Murphy, The Mathematics of 
Ph�sics and Chemistry_, D. Van Nostrand Company, Inc. , 
Princetori:;-1962. · · 
39R. G. Parr, et. al. ·, Quantum Theory of Molecular 
Electronic Structure, w .  A. Benjamin, Inc. ,  New York, 1964 . 
40M. Tinkham, Group Theory and Quantum Mechanics, 
McGraw-Hill Book Company, Inc. , New York, 1964 . 
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In the Hamiltonian, H, for the system, let us neglect 
all spin-dependent terms. Then any solution can be con­
sidered an eigenfunction of the spin operator, S • 4 1 Thus z 
we write 
x {r,t)a 
v = { 
-x (r, t) {3 
for spin "up " 
( 2 -2 )  
_ for spin "down " 
The splittings which will result from the more complete 
Hamiltonian can be calculated from the above determined 
eigenfunctions v ia pertubation theory. 4 2 
The wavefunction for a molecule is a function of all 
the electrons, protons, neutrons, etc. , in the molecule. 
Let us restrict the degrees of freedom allowed all parti­
cles, except the electrons, by considering the nuclei to 
be point sources to an electric field. ( One can treat the 
more detailed phenomena as pertubations. ) We use the non­
relativistic Schrodinger equation for the system in the· 
Born-Opper:iheimer - a pproximatio-r:i.4 3  
H'Y = E'I (2 -3 )  
4 1E. Merzbacher, Quantum Mechanics, John Wiley and 
Sons, Inc., ( 1963 ) , p. 257 . 
42see Bates, £2.· cit. , for a chapter on pertubation 
theory by A. Dalgarno, ( p. 171) . · 
43M. Born and R. · oppeqheimer, Ann. Physik, 87, 457 
( 1927) .  
where 
H 
.-fi.2 - - z 2m i 'v . 2 + ½  z l i, j lri 
i;'j 
Z Z e2 
1 z 
a {3 
2 
1ra - r J 
ata a /3
e2 
- rj l 
z 
i, a 
Z e2 a 
2 6  
where Greek subscripts refer to nuclei (Z
a
is the corres­
ponding nuclear charge) and Latin subscripts refer to 
electrons. The last term in the Hamiltonian is a constant 
for any' system, since the r are the equilibrium positions a 
of the corresponding nuclei. 
Now, the state function can be expanded as a sum of 
products of one-electron functions. 4 4  Since the state 
function should still exhibit the sym..metry of the system, 
we want� to s�tisfy equation (1-lb) . Thus we write� as 
a Slater determinant 
( 2 -4 )-
where the t - are spatial functions (yet to be determined) ,  
J 
and S (j)  is either an a or f3 spinor. 
44 . - t' · T.T d 1 · This is an approxima ion. �e are eve oping 
equations which will make this approximation sel�-con­
sistent. 
By using the variation45 theorem, Schweber4 6 shows 
that the t ' s are - determined by the equations 
e z 
J 
1 - � '7 27/J • ( r )  - }: _£ t . ( r )  + e2 }: I 'l{I ( r ' ) I 2 - dT ' 7/J • ( r ) c:m J - a r J - k k - r12 J -
27 
- - � A .k o [ S { k), S { j)]t . { r) 
k J J -
( 2 -5 ) 
where r 12 = tr - r ' f  o These are the Hartree-Fock equations. 
It is interesting: to note that the last term on the left 
side of {2-5) , the exchange term, is due solely to the 
approximation . 4 7 For a quite complete discussion of these 
equations, the reader is referred to Bethe . 48 It is impor­
tant to notice that, although equations { 2-5) are comple� 
to solve, true electron-electron correlation is absent due to 
the initial approximation (2-4) . Attempts to solve (2-3) 
without this approximation are summarized by Parr . 4 9 
45The var ·iation theorem states that extremes in 
(t lA'l/1)/(t l t) are solutions to Hl/1 = A'l{I for some constant A .  
We are not giving � complete freedom in this calculation-;­
but we restr ict � to have _ the form of equation { 2-4 ) o 
46
s. Schweber, �- cit . , P • 153 .  
47H.  Bethe, .2,E_• cit . , P •  49 . 
48rbid . ,  Chapter 6 .  
49 · t  R .  Parr, �• .£!_• , P •  1o8 . 
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VALENCE -BOND METHOD 
R athe r than at temp t  to  s o lve equat ion ( 2 -5 ) by b rute  
force , the valence 5 0 bond approach approximate s � as a 
l inear comb i nat ion of  S late r func t ions , each  of  which is  
mad e up of atomi c orbitals in  the spatial part [ s e e  e qua­
t ion ( 2 -4 ) ] . Thus we s e t  
whe re 
'I' = � - c . ¢ .  
i l l 
( 2 -6 )  
Duffey5 1 us e s  the variat ion the orem t o  s how that 
forci ng ( 2 -6 )  to be a s o lut ion to e quation ( 2 -3 ) demands  
the  e ne rgy leve ls be  given by 
det  (H  . .  - S . .  E )  = 0 ( 2 -7 )  l J  l J  
whe re 
H . .  
l J  = <0il H ·1 0j> , 
s i j  = <¢i t ¢j> 
50Eyring ,  Walte r ,  and Kimball , op . c it . , p .  232 . 
51G .  H . Duffey , Phys ical Chemis try , op . c it . , p .  165 . 
Duffey discus s e s  a d ifferent approximation ; howe'ver � the 
theorem applied  he re with e qual validity . 
29 
wh ich is  c a l l  a the s e c ular equat ion . A s  Duffey5 2  point s 
out , it  is cus tomary t o  demand that the c ons tants in e qua ­
tion ( 2 -6 ) b e  mad e  real . . This point should p r obab ly b e  
inves tigated furthe r . 
For a sys tem with n ( even ) e le c t rons and n/2 avai l ­
ab le atomic orb itals , e quation ( 2 -7 ) repres e nt s  a 2 n o rd e r  
de terminant . Eyring , Walte r , and Kimball5 3  show how one 
can us e spin ope rat ors  t o  factor  the s e c ular equat ion into 
SGalle � b locks . Mul laney5 4  shows that spatial s ymme try can 
a _ s o  be  . �xp loited  to  furthe r factor  the secular e quation . 
INEAR CO1lBINATIONS OF ATOMIC ORBITALS APPR OA CH 
A n  alte rnative , but equivalent , approach to  the 
above .:. s  to write  '±' as an anti -symme triz e d  produc t o::· 
�ole cular orbitals , i . e . , to  le t the � - in equat ion  ( 2 -4 ) ·  l 
v e  repres ented  as a linear c omb inat ion of· atomic orb itals 
� .  = L C � -X . 
J.. • l J J 
· J 
( 2 -8 )  
where x .  is s ome �tomic orb i tal . ie find the extreme s  
J 
in (� I H�) s ub j e c t  t o  (t i t) = 1 · via the s e cular e quat ion.  
52Lec ture note s , op . cit . 
53Eyr ing , Wa lte r ,  and Ki:-:_ball , op . c it . , C nap t-e :- XIII . 
54R .  Mullaney , M .  S .  T e s is , S outh Dakota S 0ate 
Univers ity , 1967 0  
Then we start putting elect rons into these molecular 
orbitals, until we have used all the available electrons, 
and put these functions into the Slater det erminant . 
Pople5 5  gives the necessary extremal equations to be 
30 
= �� (2 -9 ) 
where 
H ·. . = <x . t - ½ '12 - z lJ l 
Z e2 a 
2 
n m = 1· 
0 
if the mt h  
filled 
molecular 
if the mt h  molecular 
one . electron 
if the t h molecular m 
empty  
orbital is 
· orbital has 
orbital is 
Although these equations are non-linear, this approach 
has the advantage that it is - easy to interpret the molecular 
55J . Pople, Trans. Faraday · soc. , 49 , 1375 ( 1953 ) .  
3 1  
structure directly in terms of familiar properties of the 
constituent atoms. Grou9 theory can be of considerable aid 
in solving equations ( 2-9 ) . 5 6 -6 0  It is interesting to 
notice that Mullaney ' s6 1  use of group theory does not 
demand the artificial constraint that each molecular or­
bital belong to an irreducible representation of the 
covering group. 
This last method to solve equations ( 2-3) is called 
the method of Linear Combinations of Atomic Orbitals­
Molecuiar Orbitals ( LCAO-MO) . It should be noticed that 
t .  could be expanded as a series of any complete basis 
l 
set [ equation (2 -8 )] ,  and equations (2-9 ) would still be 
the extremal condition. 
It is easy to forget that only the total energy 
of the sy stem need be stationary. However, any solution to 
56c . J. Ballhausen, Introduction to Ligand Field 
Theory, McGraw-Hill Boo� Company, Inc. , New York, 1962 . 
. ' ' 
57 _G. H·. D�ffey, Physical Chemistry, .2.e_. ·cit. 
5B ·E · W l·t· d K . b 11 . t .yring., a er, an im a , .2.2_. .£2:_. 
59M. Tinkham, .££· cit. 
6°F. A. Cotton, Chemical Applications of Group 
Theory, Interscience Publishers, New York, 1905. 
6�. Mullaney, £.e_• cit·. 
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equation (2-3 ) which can be written in the form of equation 
(2-4) makes each electron energy stationary. 6 2-6 3  
62n .  R. Hartree, Calculation of Atomic Structure, 
John Wiley and Sons, Inc. , New York, 1957, p. 11t . 
63 B. L . Moiseiwitch, Quantum Theory, Vol. I. , edited 
by D. R. Bates, £E_ •  cit� , p. 223 � 
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III . APPLIED LCAO-MO THEORY 
In this chapter, �everal attempts to solve the non­
re lat ivistic Schrodinger equation for n e lectrons in a 
molecular system via the LCAO-MO method [ equations (2-9· ) J 
will be desc r ibed. The degree of success of each method 
cannot be stated since the amount of effort required and 
the usefulness of a solution have to be considered along 
with the accuracy of the results . 
BASIS FUNCTIONS 
The stated method was to describe one-e lectron 
orbitals as a linear combination of atomic orbitals, 
called the basis funct-ions [ see equation (2-8 ) ] . However, 
the calculation of atomic orbitals6 4  is, itse lf, a complex 
problem, which, exc e pt for the hydrogen atom, must be done 
on the computer v �a equations (2-5 ) .  Due to the ( supposed ) 
spherical symmetry of the atom, each atomic orbital has the 
form 
where 
64 · t  D . R. Hartree , E.£.· c i . 
(3 -1 )  
34 
is the mth spherica l harmonic of ord er  L ;  n, L, m are, 
respective ly, the principal, angular, and azithmuthal quan­
tum numbers of the orbital being cons id ered. 
Now, let us  expand the radial part of (3 -1 ) : 
00 
Z a . ri exp ( -µ
nLmi· r) i=O J. 
(3 -2a ) 
Generally in molecular bonding, one of the terms in expan­
sion (3 -2a ) pred ominates. Following Zener65 and Slater, 6 6 . 
we write 
(n* - 1) r ) 
?./J nLm = Nr exp ( - [ z - s] n* YLm (e ,  ¢) , (3 -2b) 
where z is the at omic number of the atom considere d, s is a 
screening constant due to the other e lectrons, n* is an 
adj ustable paramet er. This function is d escribed in some 
d etail by Eyring, Walt er, and Kimball . 6 7  
There are different recipes in. the lit erature to  
evaluate the parameters , n* and �, in (3 -2b) �- Slat er6 8  
proposed ·the fol-lowing rules :· For real principal quantum 
number, n :  
65 c .  Zener, Phys.  ·Rev . , 36, 5 1  ( 193 0 ) . 
66J. c. Slat er, Phys . _ Rev . ,  36, 57 ( 193 0 ) .  
67Eyr- ing, Walter, and Kimball, £E. ·  cit. , p • .  162. 
68 ( J. C .  Slater, · Phys .  Rev. , 36, 57 1930 ) . 
35 
n = 1 2 3 4 5 6 
set 
n*  = 1 2 3 3. 7 4 . o  4 . 2 , 
and s ( nL ) ,  the screening c�nstant for an DL electron, is 
given by 
s ( nL) = L '  c (nL; n ' L ' ) 
n '  , L '  
( 3 -3 )  
where the summation -runs over all the other electrons in 
the atom, and wbere 
C ( " 10; 10 ) .  = • 30 
c ( ni; ni ) = . 35  
c[ ni; (n -k)j ] = 1. 0  for any i,  j and k )  1 
c [ ns; (n-l ) s ] = c [ np ; (n-l ) p ] = c [ ns; (n-l) p ] = 
c [ np ; ( n-l ) s ] = c[ ns ; (n-l ) d ] = c [ npl ( n-l ) d ] = 
c [ ns; ( n-l ) f ] = c[ np ; ( n-l) f ] = . 8 5 
c [ ni ; ( n+k )j ] = 0 for any i,j = s, p , d , f; k = 1 , 2, 3, . . .  
c ( ni ; nj ) = . 35 for any i, j = s, p 
c ( ni; nj) = 1. 0 for i = d , f; j < i 
All other. cs are zero. Slater ' s  rules were · constructed by 
minimizing energy and· fitting_ spectroscopic data. 
Clementi and Raimondi6 9  did not make use of the 
freedom allowed them by varying n,:c. They used the Hartree­
Fock equations ( 2 -5 ) to determine stationary values of energy 
for varying s. Their results are given approximate�y by the 
formulae listed in Tabl� 1. 
6 9c 1ementi and Raimondi, J. Chem. Phys. , 38 , 2686 
I ., ,.... r _  \ 
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Burns7 0 obtained a different c mat rix [ equation (3-3) ] 
than Slater by fitting the various moments of the orbitals 
to solutions of the Hartree-Fock equations (2-5) .  Burns 
did not make use of the freedom of n* , but used only the 
"true" principal quantum number, as did Clementi. His 
results are listed in Table 2. 
It seems that the Burnq functions should give the 
best results in calculating multi-center integrals, since 
they are matched to the Hartree-Fock solutions in the outer · 
parts of' the orbitals. The Clementi are probably the " best " 
one -term functions of form (3 -2b) for the determination of 
atomic properties, and for use in calculation of properties 
which depend on electron behavior near the nuclei. The 
Slater orbitals have the advantage of being the simplest 
(when n* is an integer) and of be ing the most widely used, 
and t hus are good for comparing results with previous work . 
In order to · test the relative advantages of these 
recipes, stru�tures of s·ilicon - 1, O, +l, +2, ·.and +3 were 
calculated, using an . approximate method described later. 
Also, the electrbnic structure of the NH4 molecule was 
calculated by three different methods; each calculation _was 
made for the three different types of basis funct ions. 
70Burns, J. Chem. Phys. , 4 1, 152 1 ( 1964 ) . 
Table 1 .  Screening constants  g iven by Clement i  and Ra imondi . 1 
s ( ls ) = 0 . 3 ( 1s - 1 )  + 0 . 0072 ( 2 s  + 2 p )  + 0 . 0158 ( 3 s  + . 3p + 4 s  + 3d + 4 p )  
s ( 2 s ) = 1 . 72 o8 + 0 . 36 01 ( 2 s � 1 + 2 p )  + 0 . 2 062 ( 3 s  + 3 p  + 4 s  + 3d + 4 p )  
s ( 2 p )  = 2 . 5787 + o . 3326 (2 p · _ 1 )  - o . OT73 (3 s )  - 0 . 01_6 1 (3[)  + 4 s ) - o . oo48 (3d ) 
+ o . oo85 ( 4 p )  
s ( 3s ') = 8 . 4927 + 0 . 25 01 ( 3 s  - 1 + 3 p ) + 0 . 0778 ( 4 s ) + o . 3382 ( 3a ) + o . 1978 ( 4 p ) 
s ( 3 p ) = 9 .3345 + o . 38 oj ( 3 p - - 1 )  + 0 . 0526 ( 4 s ) + o . 3289 (3a ) + o . 1�58 ( 4 p )  
s ( 4 s ) · = 15 . 5 05 + O • 09 7 1  ( 4 s - 1 ) + O • 8 4 3 3 ( 3 d ) + O • 068 7 ( 4 p ) 
s ( 3d ) = 13 . 5894 + o . 2693 ( 3a - 1 )  - o . 1065 ( 4 p ) 
s ( 4 p )  = 24 . 7782 + o . 2905 ( 4 p  - 1 )  
1nL i s  def ined a s  the number of electrons hav ing quantum numbers,  nL. 
\.)J -� 
Table 2. Contribut ions to s for e lectron i from each of the J other e lectrons -
Burns method. 
Electron 
I 
Electron 
j 
( n-l ) s  ns ( n+l ) s  ( n-l ) p np ( n+l ) p  ( n-l )d  nd ( n+l ) d  ( n-l ) f  
ns I . 9 0, . 4 0  . 10 . 75 . 35 . 10 . 5 0 . 35 . 10 . 4 0 
np L OO . 5 0 . oo . 9 0 . 35 . oo _ . 7 0  . 35 . oo . 3 0 
nd . L OO . 75 . 15 L OO . 5 0 . 05 . � O . 35 . 05 
nf I L OO 1 . 00 . 5 0 1 . 00 . 75 . 15 . 85 . 5 0 
nf 
. 2 0 
. 2 0 
. 2 0  
. 35 
\).I 
CX> 
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SECULAR EQUATION 
Now, in finding the solution to equations (2-4) , we 
must solve the secular equation, 
( 3-4) 
Since this is often intractable, we consider the 
electrons from each atom to occupy e ither core orbitals7 1 -7 2 
or valence orbitals and assume that, as in the case of the 
atoms, the valence shells ·are orthogonal to the core shells, 
and that the core shells are so contracted that all two­
center integrals involving core states vanish. In other 
words, we presume . that the F and S matrices of equation 
( 3-4) have the form 
Core shell 0 0 atom 1 . . . 
0 Core shell 0 atom 2 
( 3-5) 
0 0 Valence shell Interaction atom 1 
0 0 Interaction Valence shell atom 2 . 
71c .  c .  Roothaan, Reviews of Modern Physics, 23, 
No. 2 , ( 1951) , pp. 69-89. 
72J. R. Canon, M. S.· thesis, South Dakota State 
University, 1961, pp. 17- 18. 
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Henceforth, we will cons ider the secular equation to 
involve only those "blocks "  involving valence shells. 
The usual procedure to solution of equations (3 -3) 
is to find the n roots of (3 -4 ) and then to solve the 
equations (2-9 ) . S ince equations (2-9 ) are non-linear, 
this must be done iteratively until self-consistency in the 
c matrix is achieved.· Since these calculat ions are done on 
the computer, we propose the following scheme : 
1 )  Take two arbitrary guesses at E [ maybe a max imum 
value , E (l )  = AUB, and a lowest desired value, E ( 2 )  = ALB] . 
Set L = 1. 
2 )  Use the method of Jacob i, described by 
Greenstadt, 7 3  to d iagonalize B . . = F . .  - S . .  E ( k ) .  Save all 
1J lJ lJ 
the diagonal elements in an array, BB(k, i ) (i  = 1, 2, o • •  , 
n ) .  
3 )  Use a linear approximat ion to zero out BB(k + 1, 
L ) .  That · is, set 
( ) ( ) E(k ) - Efk-1 ) E ( k + 1,  L )  = E k - · 1 + BB_ k - l ,_ L -BB(k, L) - BB k - 1 ,  L) 
and 
E (k + 1 )  = E (k = l, L}  
73J. Greenstadt, M�thematical Methods for Digitai 
Computers, edited by A. Ralston and H .  W ilf , John . Wiley 
and Sons, Inc. , New York, 1960, p. 84 . 
4 1  
4) If BB (k, L) and BB (k-1, L) are of the same sign, 
throw away BB (k-1, L) ,  and set BB (k-1, L) = BB (k-2, L) ; 
otherwise d o  nothing. 
5) If E (k+l) is within ALB and AUB, and BB (k, L) is 
not close enough to zero, set k = k + 1 and go to step 2. 
Otherwise if E (k + 1) is outside the limit s, set L = L + l ; 
find the two BB (m, L) and BB {n, L) closest to zero, of 
opposite sign. Let BB (k, L) = BB (m, L) ; BB (k + 1, L) = 
BB {n, L); E (k) = E (m, L) ; E (k � 1) = E (n, L) and go to 
step 3. 
6) If BB (k, L) is close enough to zero, the Lt h  
column of the diagonalizing matrix found in step 2 is the 
set of coefficient s  for equation (2 -9) corresponding to 
eigenvalue, E = E (k) . 
7) Set L = L + 1 and BB ( k, L) = 1000. Proceed to 
step 5. 
Actually, we found it useful to use a quadratic guess  
in step 3, when pos sible. This method has the advantage of  
not using much more calculation than is  normally used in 
evaluating - the neces sary · determinants, and alio it is more 
stable than most metqod s of s olving homogeneous l inear 
equat ions (2 -9) . · 
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IONIZATION POTENTIALS7 4  
There are various method s available t o  e valuate the 
matrix element s ,  F . .  and S . .  of equat ion (3 -4 ) . All of the l.J l.J 
method s use d  in this paper will emp loy the ionizat ion po-
tentials of the orb itals in the molecule of interest. In 
general, the e lect ronic populat ion of the variou s orbitals 
will not remain in the molecule as in the free atom. Thus 
we have to  calculate the ionization potent ia ls of a one­
center system  with arbitrary electronic configurat ions. 
Define the energy for an electron in orbital � - as J 
Ej = (1/lj I - ½ V2 l 1/lj) - <*j I ;  j 1/lj) + {nk {( j k j G l j k) 
½ ( j k I G I kj ) } (3 -6 ) 
where the . summation is over all orb itals , and where nk is 
the orbital population7 5  of orbital k. 
Equat ion ( 3 -3 )  can be generalized t o  
( 3 -7a) 
whe re the �um..rnat ion now runs over  all orb itals ., and where 
74He re we u se  the term ionizat ion potent ial to mean 
the valence state  ionizat ion potential. 
75R . L. Oakland , M. S. the s is ,  South Dakota State 
Univers ity, 1966 ., p. 4 3. 
( nk :for i I k 
nik = � nk - 1 fo� i = k and ( nk - 1 )  ) O 
l O for i = . k and nk < 1 
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( 3 -7b) 
Thus, i:f we ass ume that the orbitals are of the :form 
( 3 -2b), we can use equation (3 -6) to calculate one particle 
ene rgies for an arbitrary electronic ·configuration. 
In this work, we s et 
where 
R2 ( j ; k) = (I/I . ( 1 )</I k' ( 2) I ..J:_ j 1/J . ( 1 )c/1 k
l ( 2 ) ) 
J . . r 2 J 
( 3 -8b) 
such that </I� is· an orbital of form (3-2b) of spherical 
symmetry, with orbital parameters of </I k. 
or 
The total electronic energy of the system is given by 
E = :Z::n . f.: • 
j ·J J 
- 2 :Z:: n . n . kR
2 ( j,k) . k J J J , 
E = }:n ♦<'lfl . i - ½ 'v2 I 1/1 j> . - <t J. I � I 7/1 J.) 
j J _ J 
( 3 -9a) 
( 3 -9b) 
since we must not count the e lectron-electron repulsions 
twice. 
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EVALUATION OF THE ONE-CENTER INTEGRALS 
All of the integra ls of equation ( 3-9b) are easy to 
integrate for functions of the form (3-2b). 
Oakland7 6  shows that the normalization constant, N, 
in equation (3 -2b) is given by 
N = (2µ)
n* + . 5 
� r (2n* + 1) 
where µ = (z - s )/n* and f is -the gamma function . 
{ 3 -10 ) 
We can calculate the potentia l energy between an 
electron and the nucleus : 
·c2 )
2n* + 1 
(VI j I � I 1/1 j > 
= z r 't 2 n* + 1) f r2 n* - l  ex p  ( -2µ r )  d r 
0 
= (2 )2n* + 1 z r {2n* + 1) x 
r (2n* 1 = 
(2µ )
2n z ?JL = � 2n* n* ( 3 -11 )  
where we used equation ( 3 -10) and the fact that the spheri­
cal harmonics are normalized to unity. 
Since we  know that 
76rb id. , p. 24. 
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and 
\J2 y = _ 1(1 + 1) r2 Y, (3 -12) 
the kinetic energy for an electron in orb ital J_ can be 
written as 
But 
and 
and 
1 (2 }2 n* + l 
- 2 r l2n* + lJ 
I1* + 1 + r 
0 
00 
{ - u i. +- 1 )  J 
0 
exp (-µr) if [ r  Il* -
2n* - 2 r exp(-2µr)dr 
1exp (-µr) ] ct r} (3-13a )  
(3 -13b) 
dR = · � [ rn* - lexp ( -µr) ] = ( * 1) n* - 2 ( ) dr  dr  n - r exp -µr .
n* - µr  
- 1 ( ) exp -µr 
d2 R d . ( dR) = [ {n* _· l) (n* _ 2 ) rn* - 3 · dr2 = d r  dr 
(3 -13c) 
- 2µ (nw- - l)rnw- - 2 + µ2 r
n* - 7x exp(-µ.r) (3-l3d) 
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Comb ining equat ions (3 -13 )  and simplifying, we have, 
J:. (2 · )2n
* + 1 
2 r 12n* + 1) J r
2 n* 
[ 
( n* + i) ( n* -1 -1) 
r2 
2µ.n* 2 
( ) - r + µ. ] exp -2µ. r dr (3 -14) 
Integrat ing (3 -14 ) and simplifying we have, finally, 
<'lfl · I - ½ 'v2 I 'ifl ·> = J J ( n* + 2 � 
2 + 2 ,P) 
2n� (2n* - 1) 
µ.2 (3 -15 ) 
Next, we set up the electron-electron repulsion 
int egral, equation (3 -8b) : 
2n� + 1 · 2nk + 1 
(2µ . ) · J (2µk ) 
R2_ ( j ,  k) - ---•w..1 ----- -----­- r (2nj + 1) r (2n� + 1) 
1 J 2n* ( -2µ. kri ) dri x - ri k exp r 
00 
+ J  r2 nt: 1 J exp ( -2µ. kr ) dr -r 
0 
{ I r2n*J. exp (-2µ.j r ) dr 
2n* 
ri j exp 
( 3 -16) 
where we have mad e use of the spherical symmetry of the 
orbitals through Gauss ' Law. Define the first term of . 
( 3-16 )  as R (j , k ) . 
Then, 
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R2 ( j , k) = R { j , k) + R ( k, j ) .  ( 3-17) 
We can int egrate R ( j , k) ove r !_i by part s . We have 
- 2n* 
- -1- r k ex p ( -2 µkr ) 2µk 
2nt - 1 
r exp ( -2µkr 1) d r 1 ( 3 -'18 ) 
Suc ce s s ive ly a p p ly ing ( 3 -18 ) t o  it se lf, we get ,  for nk . 
an int e ger,  
r 2n-M· J r1 k exp ( -2µ kr i ) d r i  = 
2n* k 
S =O 
( 3-19 )  
Thu s e quat ion ( 3-19) can be c omb ine d w ith the d e fini­
t ion of R ( j , k ) and _ s imp l if ied to obta in 
R ( j , k )  
x {  
2 n� + 1 00 
= - (2µ . ) 
J 
I -:- r t2n*. + I) J 0 
2nk 2nk. + 2n� - s - 1 
r (2nt - s ) � S =O 
2n� + 1 00 
(2µ . ) J 
J 
2n-M; 
r t2nj + 1) 
r J 
2n* 
(2µk ) k 
- 8} d r 
- 1 
_ exp ( -2µj r ) dr 
If n .  is also an integer, this integrates to 
-J 
µj 
2n* 
· .  ( wk /� R ( j , k) 
k 
= L n >-'<. S =O (2n� J 
(2n� + 2nJ - s - 1) 1  
X 
s 
s )  1 
2 n )!: + 
( 2µ . ) J 
( 2n :,n ! 
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1 
(3-20) 
Now, using equations (3-9b) , (3-11) , (3-15) , 
(3-14),  and (3-20) , we can calculate the one-electron 
energies for atoms with arbitrary electronic configura­
tions. The results cannot be expected to give ionization 
potentials to a high degree of accuracy in absolute value .77 
However, we propose to use the above p rocedure only to 
calculate relative ionization potentials ; i . e . , we write 
where 
·H(x ; i) = · H(O ; i) + � ( x ) (3-21) 
H(x ; i) = ibnization potential · of orbital i for 
configuration �; 
- H { O ; i) = �bserved ionization potential for orbital 
i in the atomic configuration, · and 
77The results given . in Chapter 5 of this paper have 
error on the order of a few percent in the calculation of 
total energy : equation (3-9b ) .  
�(x ) = the calculated energy difference of orbital 
i between configuration x and the atomic 
configuration . 
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The function, �(x ) ,  has been calculated by this 
method for the Silicon -1, +l, +2 , and +3 ions both with 
and without the use of the adiabatic78 approximation . The 
results of this calculation for all three types of basis 
functions are described in Chapter V of this paper • . 
·Other methods for calculating the value of H(x : i )  
have been proposed . A common procedure has been to fit 
spectroscopic data to a polynomial and then to extra­
polate . 7 9 �8 1 Oakland8 2 used a linear function of charge 
due to lack of spectroscopic data . The results of Cusachs 
and Linn8 3  are compared with the results of our method 
in Chapter V .  
7SThe. adiabatic approximation sets the one-electron 
energy equal to the negative of its valence state ioniza-
tion potential . 
79L . Cusachs and J .  Linn, Jr . ,  J .  Chem . Phys . , 46 (8 ) , 
2 9 19 ( 1967 ) .  
80 -H. Bedon, s .  Horner, artd s .  Tyree, Jr . ,  Inorg . 
�- , 3,  64-7 (196 4 .) . 
8 1A .  Viste and H .  Gray, Inorg . Chem . ,  3, 11.13 
( 1964 ) .  
82
R. Oakland , �• cit_. ,  p .  13 � 
83L . Cusachs and J .  Linn, Jr . , �- cit . 
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Now that we have a method to calculate valence state 
ionization potentials, we can describe the methods which 
will be used in molecular quantum mechanics. 
HAMILTONIAN SET PROPORTIONAL TO OVERLAP 
Several procedures have been proposed for approx i­
mating the off-diagonal, two-center, Hamiltonian matrix 
elements in terms of valence state ionization potentials 
and overlap . 
Ba llhausen and Gray 8 4  have proposed to use the geo­
metric mean of the ionization potentials of the interacting 
orbitals in the form : 
1 
H . .  = - K S . .  ( H(x ;  i)H(x ; j) ] 2, 
lJ lJ 
i and J. on different centers 
H . .  = H (x ; i) 
l l  
H .  . = O if i and J. are on the same center. 
lJ 
(3-22a) 
(3-22b) 
(3-22c ) 
The recipro.cal mean approximation has been suggested 
by Yeranes. 8 5 . Thus, instead -of equation (3�22a) ,  he uses 
Hij = 2 K S ij H(x ;i)H(x ;j) H(x ; i) + H{x ; j ) (3-23a) 
84c .  Ballhausen and H. Gray, Inorg. Chem. , · 1 , 111, 
(1962). 
85w . A. Yeranes, J. Chem. Phys. , 44 , 2207 , (1966 ) .  
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Of quite widespread use at present is the Wolfsberg­
Hemholtz86 approximation which uses the algebraic mean of 
the ionization potentials . Thus 
Hij = K sij [ H(x ; i) + H(
x ; j) ] /2 (3-24a ) 
A ll of the above methods for evaluating the two­
center Hamiltonian elements will, in general, have dif­
ferent values of K for different types of bonds, 8 7  although 
past experience88 -9 0 shows that K is on the order of 2. 
Presumably, we should have the K in any of the 
methods above, a function of the charge distribution on 
each of the
1 
two .atoms. By keeping K a  constant, we can 
expect only gross charge transfer from one center to another 
to come out of this approximation. An attempt to retrieve 
some of the non-linearity, without too much added effort 
will now be described. 
86M. Wolfs berg and L. Hemholtz, J. Chem. Phys. ,  20, 
837 (1952) . 
87 . . _ For a discuss ion of .the methods, see· A. Fan, M. S. _ 
Thesis, University of Akron, 1967 , p. 5 . 
88 . 
. 
· 
Ibid . , _p • 6 • · 
89L. Cusachs, J. Chem. Phys . ,  43, 2157 (. 1965 ) . 
9 0R. Oakland, ££· cit . ,  P · 14. 
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EFFECTIVE-CHARGE POINTS 
We presume that the maj or contribution to  the two­
center integrals comes from the volume between the two 
centers, s ome distance from either center. Thus we propose 
evaluating one-center integrals in the manner outlined 
above. The two-center integrals will be given as 
(3 -25) 
where r is the distance to center a for t . , and r,A is the � l � 
distance to the center for t .  A. J , � 
In equations (3 -2 5), the effective charge, q .  , is 
la 
determined by one of the recipes for a ( n + l)s electron, 
where n is the principal quantum number of the valence 
shell. Since the integrations of ( 3 -25) are only over one 
electron, we take this electron from both t1 and tj . Thu s 
in calculating q .  by equation (3-7a), we have (nk - ½ )  la . 
electrons in t . •  · The necess�ry integrals are �iscu ssed in -1 
Chapter IV. Although. this method makes more use of the 
uniquenes s of each pair of orbitals, each Hamiltonian 
element is unaffected by �ther orbitals of the system. To 
help overcome this deficiency, we propose another approxi­
mate method for evaluating Hamiltonian matrix elements . 
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SPHER IC1�L ATOMS-IN -MOLECULES 
The one-center Hamiltonian elements are dependent on 
all the other atoms in the molecule . Thus we take, for 'I/I . l 
on center �, 
Hii = H(x ; i ) - � 
t3/a 
- � nk [ i i 1· ...2:_ I  k k]} k r 1 2  
(3-26a) 
where the inside summation symbol has super? cript f3 to show 
that the summation is only over the 7/lk which has center f3 . 
The term [ i i  I l/r1 2 I k k] is an approximation to the, 
elec tron-elect ron repulsion between elec trons in ti and 
7/lk . Define the ·orbital weight tensor for occupied molecu-
lar orbital 'I/ls, 
i 
[ .z.: L'. Cskcsmskm ]
-
i � csncsj3nj ( 3-27) w S J  k/i m/i n;ii 
Using (3-27 ) , we can now write the partial occupation num­
ber of or�i ta
_
l 'if! j of ocqupied molecular orbi t�l 'if! s, knowin·g 
that there alreaqy is an electron in ?/Ji : 
( 3-28 ) 
where 
L . C • c . S  . .  N 
J S l  S J  l J  S 
for n . ) x 
S l  
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i '  n (x) 
s (3-29) 
for nsi < x 
Thus n! is the number of electrons in orbital ti while 
evaluating Hii. We now �verage (3-2� ) over all M molecu­
lar orbitals 
= M- 1 { L[ d i . ( 1 )  + }: n J} s � J - r-/-s rj 
= M-1 }: q!j(l) s 
( 3 -30) 
We can also use the occupation numbers of ( 3 -30 ) 
to .evaluate the function H {x ; i ) .  
Off -diagonal, one-center integrals have non-vanishing 
contributions, eve n  if all orbitals on this center are ortho-
gonalize d. 
H . . = L l J  f3/a 
[ ij 
We t ake, for t .  and t .  on center a, l J -
{ . z� 
<*i i r l tj> . f3 
1 
r 1 2. I kk)} 
l f3 
[ q�(½) q� ( ½ ) ] 2L k 
(3-26b) 
That is, we t ake the electron of integration equally from 
each of the p articipating · orbitals. 
Two-center Hamiltonian_ elements, with  ti on  center 
a and t .  on center t3, will be given by J -
H ij = < 7/1 i I - ½ 'v 2 I 'lfl j) - < 7/1 i I r a I 1/1 j > a 
+ � n ij [ ij I _L I kk ] 
k k r 12 
where 
z
{3 {3 • • . <.,,, I I .,,, > + � l.J [ iJ" I _L I kk ] 'f' i r 'f' j nk r 12 {3 k 
- � n
lJ ( ij l - f kk ] 
� . . 1 } 
k k r 12 
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( 3-31) 
These last two integrals are evaluated over three 
centers. We evaluate them by means of the Mulliken approxi­
mation9 
1j! • ( J. )'l/1 • ( 1 ) = 
8
2
i,j {t . ( 1)1/t . ( 1 ) + 1/1 J" ( 1 )'l/1 • ( l )} l J · l l J (3-32 )-
Employing ( 3-32) on the 3-center nuclear .attraction 
integrals and on all the electron-electron repulsion in­
tegrals or ( 3-3 1), we obta·in 
9¾l.  S. Mulliken, J. Chem . Phys., 46 (1949 ) , p .  497 
and p. 675 . 
S . . 
{ 
a,  (3 • • 1 1 + _!.J.. � n1J ([ ii f -r f kk ] + [ j j  f - J  kk ] ) 2 k k 12 r 12 
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- i n!j ( [ i i  I ...1:._ I kk ) + ( j j I ...1:._ I kk ) ) } ( 3 -26c ) 
k r 12 r 12 
The two-center electron-electron repuls ion integral 
is  approx imated by 
r
/3 
[ ii 1 ...1:._ 1 kk] r 12 J 1/lk ( 2  ) 1/lk (2  ) dT2 
r a 
0 
+ J dT 1 1[1k ( 1 ) 1[1k ( l ) �
a 
. r  1/1:i. (2 ) 1/1:i. (2 ) dT2 
0 
( 3 -33 )  
where the primes designate spher ical orbitals with the same 
orbital parameters as the corresponding unprimed orbitals. 
Th is is almost equivalent to cons ider ing each atom as a 
source to a spherical potential of form 
(3 -34 ) 
The one-center electron-electron integrals are 
evaluated according to ( 3-16) . The integrals of ( 3 -26) 
are evaluated in Chapter IV. 
After the coefficients are obtained in the above 
manner, the one-electron energy of each orbital can be_ ex-
panded as 
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Es = ('¥ s I H I '¥ s> 
s 
= Z Z cs . cs . H  . .  i j 1. J lJ 
( 3-35 )  
where the H�j is evaluated as described above, except the 
electron densities will now be a function of the E being s 
evaluated; i . e. ,  the averaging of equation ( 3-30 ) will not 
be done. In this case, we will have to generalize equa­
tions (3-26) by replacing the q} ( x) of equation (3-30) by 
= ds
i . ( x) + Z n . 
J r�s rJ 
Also, n!j • will be replaced by 
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IV. TWO -CENTER INTEGRALS 
All of the two-center integrals used in this work 
are constructed in the atom-pair coordinate system depicted 
in Figure 2 .  The integrals are then transformed to prolate 
spheroidal coordinates9 2  ( ; , 1), ¢) given by 
( 4-1) 
where R is the distance between centers a and b in atomic - -
units. Oakland9 3  derives the following needed equations: _ 
ra 
rb 
cos 
cos 
sin 
sin 
dr 
= 
= 
e = a . 
0b = 
ea 
= 
eb = 
-
( � + 71)R/2 
(� - T) ) R/2 
( 1 + �11) / (� + 71) 
(1 - � 11) / (� - 11) 
1 
[ (l �
2) (71
2 1) ] 2/(� + 71) 
1 
( (1 - �2 ) (1f . 1) ] 2/ (; - 1)) . 
(½E) s (�2 - �
2) d� d11 d¢ 
92H. Margenau and G. Murphy, 2£· cit., p. 18 0. 
g3R . Oakland, 2£.· cit. , p .  22. 
( 4-2) 
a 
X a 
- Ya 
L
b 
Figure 2. Coordinate systems used in evaluation of integrals . 
X 
b 
Yb 
\.)7 
\0 
. 6 0  
S ince equation ( 3-20 ) holds only if  the effective 
principal quantum number, n�:� ., is an integer, we shall 
evaluate integrals only for functions which have n*  an 
integer . The more general integrals ., involving non-integer 
n *, are considered by Silverstone . 9 4  
OVERLAPS 
Oakland9 5 shows that the two-center overlap integral 
can be expressed as 
where 
2rr for A = 0 n!+nb 
= Bab { � for A /  0 } j, f=o cjkAj ( p ) Bk ( pr ) ( 4 -3 )  
p = ½ ( µa + µb )R 
T = ·, µa - µb ) /( µa + µb ) 
where B is the coefficient of the spherical harmonic product, 
94H .  J. S ilverstone, J . Chem . Phys. 46 , 11 (1967 " ) 
p. 4368 . 
95Ibid ° '  p .  21. 
6 1  
(4-3c ) 
c
j k 
are integer coefficients of � j �k, ( 4-3d ) 
co 
AJ ( p ) = J � j  ex p ( -pe ) d; ( 4 -3e ) 
l+l 
Bk( pT) .. J r,
k exp (-pTTJ) d r) ( 4 -3f ) 
-l 
The quant ities, �, T, -and Bab are eas ily calculate d 
for any g iven pair  of orbitals .  Oakland has the sphe r ical 
harmonics tabulated 8 6  through Yg� so that B
is eas ily 
found.- Also, Oakland 8 7 has the integrands of all possible 
overlaps through (ng�) l isted, so that the coeff icients, 
cik are known. The functions Aj and Bk can be integrated 
by parts to give 
Aj ( p )  
( -p ) 
j J ! 
;:; exp z s + l ( j - s ) l S ==O p 
( 4 �4a ) 
and 
k (-l) k-s k !  ¾{pT )  = -exp (pT )  
S =O (pT)
s +l (k-s ) !  
k ld exp ( -pT) z 
( PT ) s + l ( k - s ) ! S =O 
{ 4-4b ) 
96Ib id . ,  p. 19 . 
97 Ib id . ,  p. 27. 
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This formula for � (pT) is not good for sma ll values of 
e:I._ because of computer numberica l procedures. Thus, fol­
lowing Oakland, 9 8  we introduce a Maclaurin expansion of the 
exponential before integiating. Oakland obtains 
= - 2 Z 
S =O 
S =O 
( 2 s ! { k +2 s + 1 ) 
(pT )
2 s +l 
( 2 s + 1 ) ! . { k .+2 s +2 ) 
for even k 
(4 -4c) 
for odd k. 
Since (4 -4c) involves an infinite series, equation 
(4 -4b)· is used to evaluate B
k
(pT) for pT ) . 5 ; otherwise 
(4 -4c) is evaluated to an accuracy of 10-6 • 
KINETIC ENERGY 
Define the kinetic energy integral 
( 4 -5 ) 
Using equations (3 -12) and ( 3�13 ) ,  ( 4 -5)  becomes 
loo. n; - 1 . nb -3 -
l r1 exp[ -µ� r -µbrb] r2 
98rb id . , P · 39 . 
( 4 -6a) 
where 
B '  
ab 
n* +* +l 
= B (2/R) a b ab 
Rearranging ( 4 -6a ) ,  we have 
- ( 2µb )
2 nt[ 2nt ( 2 nt - 1 ) ]
-2S(na [aA, nt -l, lbA ; p, T ) 
. . 
l 
( 4 -6b ) 
x [ 2nb (2nt - 1 ) (2nt -2 ) ( 2nt -3_ ) ] 
-2S ( na ea A' nb -2, Q bA ; p , T )  
Since we know how to e valuate th e overlap s [ equation 
( 4 -3) ] ,  evaluation of {4 -6b ) is an easy task. 
NUCLEAR-ELECTRONIC ATTRACTION 
The two-center potentia l energy integra ls are 
defined by 
and 
( 4 -7a ) 
( 4 -7 b )  
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Using equations (3-2) and (4-3 ) ,  (4-7a )  becomes 
= ( 2n: (2�-l ) ] -2p ( l+T ) S (na -1, f a A, nb.QbA ; p, T ) ( 4 -Ba ) 
Likewise, (4-7b ) simplif ies to 
l -
. 
= [ 2nt (2n� -l) ]
-2p (l-T ) S (naDaA' nb-1, f bA ;p, T )  
COORDINATE SYSTEM ROTATIONS 
{ 4 -Bb )  
Now each two-center integral def ined above is 
evaluated in the atom- pair coordinate system shown in 
Figure 2. A ll the integrals of the secular equat ion must 
be evaluated in some molecular coord inate system, L ·  We 
M 
must find the transformation matrix which connects L to 
L •  For some ( ¢, e ,t , i ) ,  we can reach any coordinate system 
M 
from L by the following matrix operators9 9  
9_9H. Goldstein, .£2.· cit. , P • 107 • 
f l 
C = l 0 
\ 0 
0 
cos ¢ 
-sin ¢ 
0 
cos 1/1 
-sin 1jJ 
S i: 
� ) cos )£1 
B = ( 
cos e 
-sin e 
0 
0 
1 
0 
sin e 
cos e 
0 
65 
( 4 -9 ) 
Thus if we wish to express vector X, in coordinate 
system �, in terms of coordinate system �, we have 
a M 
X
M 
= DCBAX 
Since the matrices (4 -9) 
( 4 -10) 
preserve distances, 1 0 0 r a 
( see Figure 2 )  is unaffected by these rotations. The orbitals 
in any coordinate system are written as a product of a radial 
factor t imes a spherical harmonic. The radial factor, .we 
have seen, is  unaffected by application of (4-10 ) .  The 
spherical harmonics do change form . However, the spherical 
harmonics form a bas is . for irreducible repr�sentations of 
the grou·p of all rotations; hence transformation of the 
coordinate system, �, can only mix functions belonging to 
a 
= ..rx+x = X since the transrormation matrices are unitary . 
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the same irreduc ible representation . In general, for the 
1 th irreducible representation Cf is manifested phys ically 
as the angular momentum quantum number of the bas is orbital), 
there corres pond 2£ + 1 basis funct ions. These basis func­
tions are specified by integer m, the ma gnet ic quantum 
number . Thus we ha ve 
form 
RYj , m  = Y 'i, m 
= J ii cj_mj Y /, j 
J =-t 
(4-11) 
Now, we have seen how to calculate integrals of the 
= <Rayl m f F l Rb y" m ) --a a t b b 
( 4 -12) 
where F, Ra and Rb are functions which are unaffected by 
rotations of � or � - We need these  integrals in the form 
a b 
= <Ray !, m I F I Rb Yl' m ) �a a b b 
( 4 -13) 
where the prime des igna.tes evaluation in the molecular 
coord inate syst�m . 
Combining equations (!J: -11) and (4 -13 ) ,  we obta in 
(4 -14a ) 
But if F commutes with the rotations, then many of 
the integrals in the sum vanish, 101  so that (4-14a ) becomes 
where m is the smaller of la, and fb. 
Normalizat ion demands, for � type orbitals, that 
To calculate the others, we re present the orbitals 
in a matrix fashion; viz. 
1 p a-( 1, O, 0 )  
- i  r 
-½ g ) X . = . ½ ( 3 z2 -r2 ) = 
o ·  1 
+ ( 0 
d _iaX 0 
3/2 
0 
0 
0 
lOlM. Tinkham, �· cit. , P ·  41. 
( 4-15 )  
+
(
o 
d1aX . 0 . 0 
0 
0 
3/2 
+ 
t 
0 
d-2 aX 3�2 
❖ ) X = 3 
3/2 
g ) X 0 = 
+ y z = X U2 1X 
+ 3 xy = X U2-2 X  
The constants in ( 4-15 ) are inserted t o  preserve 
normalization upon application of ( ll -11 ) . 
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Tr�nsforming the £ orbitals of ( 4 -15 )  by (4 - 11 ) , we 
have 
(�cl . .  U .  ) X  
j 1-J J 
u� - 16) 
where the c1 . .  is the same constant of ( 4-11 ) . Thus we can - lJ 
find the constants by comparing elements of 
( 4-17a ) 
Likewise, we transform the d orbitals to obtain 
We, again, can find the coefficients o:f ( 4 -11 ) by the 
identity 
· ( 4 - 17b ) 
One c an cont inue the above proc edure to eas i ly ob ­
tain the needed  c oe ffic ients for any 1 in te rms of the  
rotat ion mat rix , R .  
ELECTR ON -ELECTRON REPULS ION INTEGRA LS 
We nee d  the e le c t ro n-e lec t ron repu ls ion inte gral� 
o f  e quati on ( 3 -33 ) . De fine the func tion 
R ( l , ,j )  = 
69 
( 4 - 18 ) 
have 
Us ing e quation ( 3 - 19 )  on the ins ide inte gral ,  we 
{ 0 2n�� -2 
-
J
I r 1 exp ( -2µ . r -2 µ . rb )Y
2t a 1 a J · . m . T 
l' l 
2n� 2 n . - s - l  2 n� -s 
1 J ( 2 µj) J rb J X - � 
rb s =o ( 2n� -s ) !  J 
y2 · J!.. . m . 
. l l d J 
r T 
b 
( 4 - 19 ) 
Changing the  variab le s of integration by ( 4 -2 ) , we 
ob tain , aft e r  integrat ing ove r ¢, 
R ( i , j ) = 
2 n . 
( µl. D )
m+2 r 
(� ) � ( 2 n  :� ) ! l 
2 n �� - s 
( µ .D ) J 
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-� J � C
J_ , k k ,  }2_ =o 
( 4 -20 )  
S =O 
w_ ere  
m = 2 n �? -
.'..
1 = m + 2 n �: -
p = ( µ .  ..L µj ) D  
t = ( µi µj ) /( µi + µj ) 
aQd c �k are t he c oefficient s of �
j �k in the expans ion of  
.J 
2n �� - l i 
( � + T} ) l ( � _ T) ) y2 ( . m .  ---1 :.. 
Our approximation , equat ion ( 3 -33 ) ,  in terms of 
--che R i , k ) , is  
[ . .  I i I . .  J 1 l l  -- J J  · = 2 
r 1 2 
( I 
i R ( i ·, j )  + R ( j , i )J ( 4 -2 1 )  
vJ�ic ·  we can · e valuate by equ·a t ion ( 4 -20 ) . The s e  i nt e grals 
can be  rotat ed by a · me thod s imi lar to that us e d  for the  
�uadratic two -c ent er integ�als ; howeve� , i t  must be  
remembered  that the inte�ra:s of equation ( 4 -2 1 ) are 
r_;.1adrat ic i n  each of  the two orbitals . 
V. VALENCE STATE IONIZATION POTENTIALS OF 
SILICON -1, O, +l, +2, and +3 IONS 
7 1  
Clementi and Ra imondi1 02 have compared the calcula­
tion of the total energy of the ground state of the Silicon 
atom by use of Slater functibns and with their functions 
to the Hartree-Fock results. We have included exchange in 
the a pproximate manner described in Chapter III to make a 
comparable calculation using all three basis functions. 
The results are listed · 1n Table 3 .  
Table 4 lists the results of the calculations for -
the ionization potential of Silicon for each of the types 
of basis functions . Koopman ' s  theorem, which sets the one­
electron energy of an electron in orbital ¢1 equal to minus 
the valence state ionization potential of that orbital, is 
also used to calculat"e the ionization potential of Silicon . 
Thus Table 4 also lists the calculated one-electron en_ergies 
of the 3 p orbital . These are compared with the observed 
ionization potential for S�li6on . 103 The very poor agree­
ment between predicteq and observed ion izatton potential is 
d isappointing; _ however, the · one-electron � orbital energy 
matches surprisingly close with the observed ionization 
potential . 
1O2E. Clementi and D. L. Ra imondi, �- cit . 
l03c. E. Moore, 1 1 Ato�ic Energy Levels, " Nat 1 1. Bur . 
Std. Circ . 26, 467 ( 1958 ) , p. 144 . 
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Table 3. · Total energy of the ground state of the Silicon 
atom (3s23p23 P
0
) by various calculations. ( a . u . ) 
Basis function Method Total energy 
Burns Chapter III 294. 86621 
Clementi 294. 68384 
With exchange 288 . o8997 
Slater Chapter III 297. 26294 
With exchange 287 . 82188 
Hartree-Fock Hartree-Fock 288. 85429 
Table 4.  Ionization potential of Silicon atom . ( a . u . ) 
Basis ru·nction Ionization 3p electron 
potential energy 
Burns - _. 32324 - . 252o8 
Clementi- -.53687 -.29469-
Slater . +. ()()229 - - 33384 
Observed +. 2997 0  -. 29970 
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Another test of our calculations is afforded by the 
virial theorem1 04 
W = -T = ½V 
where W is the total energy of the system, T is the kinetic 
energy, and V is the potential energy of the system being 
considered. In Table 5, the kinetic energy and one-half 
the potential energy of the Silicon atom, as calculated 
here, are listed. It is unexpected that the Slater func­
tions give the best results for this calcu lation, as was 
the case in the ionization potential calculation. 
Table 5. Kinetic energy and one-half the total potential 
energy of the Silic on atom o (in a . u . )  
Basis function Kinetic energy One-half potential 
energy 
Burns 236 . 23671 265 . 55 146 
Clementi 265 . 35932 280 .  02 158 
Slater 269 . 8 1743 283 . 54019 
104 B. L. Moisewitch, Quantum Theory, .£E.· cit. , 
p. 227 . 
SILICON -l J +l, +2 ,  and +3 IONS 
We have calculated the total energy and the one­
electron energies for various configurations o f  the S ilicon 
-l J +l, +2 and +3 ions. The Burn 1 s functions are the only 
funct ions which have the versatility to enable treatment of 
all the desired configurations. Clementi ' s  functions are 
restricted to treatment of ground state configurations, 
since they are based on ext�emal conditions . Slater ' s  
rules were given the freed om to have non - integer 1 1effec­
tive" principal quantum number ., n-* . We are interested in · 
the valence state ionization potentials and one-electron 
energies of s ome states with n = 4 for which, n* = 3. 7. 
Our results are compared with experimental evid ence, 
wherever possible . Also, Linn and Cusachs1 05 have fitted 
the available spectroscopic data to a plausible polynomial 
in order - t o determine the ionization potentials of the -3d ,  
4s, and � orbitals of Silicon as a function of charge. 
Their results are· used for comparison. 
Table 6 contains the ca lculated ioniz ation poten­
tials of ·  the .lE_,- 3d, 4s and !±.e_ orbitals of the -1, +l., 
and +2 Silicon ions . All results are given relative \, O 
the calculated ionization potential of the correspond ing 
l05 L. c .  Cusachs and J. R. Linn, Jr. , J. Chem . · 
Phys. , 46, 2919 ( 1967) · 
Table 6. Calc u lated and obs erved ionizat ion potent ials  of var ious orb itals on 
S ilicon - 1, +l , and +2 ions relative to  the S il icon atom . i 
Orbital Charge , .  Burns C lement i Slater Linn and Observed 
Cusachs 
3 p -· 1 - . 27247 - . 34472 · - . 34 472 
+l . . 3452 1 . 42579 . 4 od38 . 3013 
+2 . . 87597 . 92896 - �9 10 
3d - 1 _ - . 1494 1 · o _. oo - . 12622 
+l . 23755 • 19897 . 2 0791 
+2 . 62403 . 57202 . 4975 0 
4s  �l  -· . 08 057 - . 15 186 
+l . 1682 1 . 18668 . 1866 
+2 . 48 07 1  . 408 16 . 4094 
4 p -1  - . 055 42 - . 11608 
+l . 152 10 . 1574 1  . 1566 
+2 . 4475 1 . 35612 . 3563 
1 �  .All energie s are· given in atomic units . 
� 
\.n 
orbital for the Si licon atom. It is une xpected that the 
Burns functions give the best results ; for the Burns 
rec ipe  was determine d by the outer parts of  the  c orre­
sponding orbitals . 
We find somewhat better agreement be tween calculated  
and observed values i f  we use Koopman ' s  theorem again. 
Thus Table 7 contains the calculated  and obse rved one ­
electron energies for several orbi tals of the -1, +l, +2 , 
and +3 Silic on ions. Again- all values are re lative to the 
corre spond ing calculat ion for the S i licon at om .  The results 
for the Burns funct i ons are quite pleasing , if  we assume 
that . the adiabatic approximat ion imp lied by Koopman ' s  
theorem is sat isfactory. 
Table 7 .  Some one-elec tron energies for S ilic on -1, +l ,  +2 , and +3 ions . 
Orb ital  
3 p 
3d  
4s  
4 p 
All value s are relat ive to  t he S ilicon atom by corres pond ing 
calculation . 
Charge Burns Clement i Slater Linn and Obs erved 
Cusachs 
- 1  _ - . 25694 - . 33794 - . 32272 
+l . . 3 1196 . 39806 . 37769 - . 30126 
+2 . 74856 . 8 1057 . 69 10 
+3 · 1 . 259 01 1 . 29887 I 1 . 0352 
- 1  - . 13447 - • 05655 - . 12622 
+l . 2 0377 . 179 16 . 2 079 1 
+2 . 496o6 . 47o89 . 4975 0 
+3 . 86555 . 83826 . 86874 
-1  - • o8354 - . 15 186 
+l . 172 40  . 18668 . 1866 
+2 . 45795 . 4 o816 . 4 094 
+3 . . • 84728 . 66439 . 6597 
� l  - , 0583 1 - . 11603 
+l . 15652 . 1574 1  . 1566 
+2 . 42497 , 35612 . 3563 
+3 . 79925 . 64781 . 59 02 
All numbers are in atomic u n it s . 
VI. MOLECULAR ORBITAL CALCULATIONS ON NH3 AND NH4 
The elec tronic structures of the NH3 and NH4 mole­
cules have been calculated by the various methods described 
in Chapter III. Many calculations have been made using all 
three basis funct ions ( Burns, Clementi and Slater ) ; however, 
the Clementi recipe is based solely on extremizat ion of 
atomic energy and thus is not acceptable for calculations 
to a self-consistent-field molecular orbital. 
Table 8 contains the calculated kinetic energ ies, 
one-electron energ ies and the total energies for the nitro­
gen atom and negative ion. The total energy calculated by 
the method of Chapter III for all three basis functions com­
pares favorably with the listed Hartree-Foc k  energy. The 
one-electron energ ies for a large number of configurations 
were calculated for the Burns functions and are listed in 
Table 9 ; - s im ilar calculations for the Slater bas is func­
tions are listed in Table 10. 
The coord inate system used for the NHs and NH4 
molecular calculations · is g tven in Table 11 . · . The mole­
cule, NH-3 , belongs _to the point group_, Csv ( 3m ) ;  while 
NH4 belongs to ·Ta (!f 3m ) . 
We can compare the two-center integrals for the. 
d ifferent basis functions assuming the atomic electronic 
Ta ble 8. Kinet ic energies , one e lect ron energ ies and total energ ie s for s e veral 
conf igurat ions of N itrogen by all three type s of bas is  f unct ions . 
Conf i.gurat ion 
1s2 2 s2 2 p3 
Burns : 
C lemen.t i :  
S later : 
Hartree-Fock : 
J.s2 2 s2 2 p4 
Burns : 
C lement i :  
S later : 
Kinet ic Ene rgy 
ls 2 s  
18 . 6 0497 • 5859 L� 
2 p  
l 7-G 1 2 c::; - · ✓  ...... _,,I 
One-Electron Energy 
ls 2 s  2 p  
15 . 96008 1 . 5258 0 . 3009 0  
22 � 2
°
0435 -· ·· · � 6 1402 1 . 76353 + 15,._;57 119 1 . 4305 1  . 199 02 
22· . 44 !�93 . 63375 1 . 9 0125 15 . 42 1+67 Jt . 42 05 1  . 15301 
• - 1· j .... 
17 . 99999 . 48 1666 1 . 0878 1 15 . 62 192 . 8 7 163 - . 14674 
22 . 156lt 0 . 5 0422 1 . 465 04 15 . 14 15 0  . 7 1336 - • 297 04 
22 . 44493 . 525 101� 7 r=_ -753 1 _._ • _.I I 14 . 96899 . 697 10 - . 353 11 
Total 
Ene rg) 
( a . u .  
54 . 62943 
55 . 06206 
55 . 10655 
S L� . 4 009 1 
53 . 8 1777 
54 . 33745 
5 1+ . 37665 
-J 
\0 
Ta ble 9 .  One-elec tron energies of N-x ( 0  L x L 1 . 0 ) calculated  by u s e  of  Burns 
one -term orb ita ls ( in  a . u . ) 
X 
0 
0 
0 
. 15 
. 2 0  
. 22 
. .  225 
. 2 4  
. 30 
. 40 
. 4 0  
. 4 0 
. 5 0  
. 7 0 
:70 
. 70  
. 7 0  
Conf igurat ion 
1s2 
2 s2 2 p3 
2 s22 p2. ,· 3 s  
2 8 1 • 1s2 P3 • 8_7 
2 8 1 • os 2 p4 • 1 
2 1 • 22 · 4 • 0  s . p . .  
2 s l. • Ol2 p 4 • 2 1 
2 8 1 • o2 P4 • 2 2 s 
2 S l • 05 2 p 4 • l 9 
2 J. • 12 4 • 2 . s p 
2 8 1 - 22 P4 • 2 
2 s 1 • 22 p3 • �3s • e 
2 l • 2 2 3 • 2 } ·1 • O s p . s 
2 s l • l 32 p 4 • 37  
2 s 1 • s2 ps • e3 s • e 
2 8 1 • s2 ps • 43 8 1 • 0  
2 s l • 0S 2 p3 • 7 83 s • 87 
2 5 1 • os 2 ps • � s 3 6 1 • 0  
Electron 
ls 2 s  2 p  3 s  
15 . 96007 1 . 52580 . 3009 0 
16 . 32 132 2 .  05 087 . 673 13 . 15865 
15 . 92 oo8 1 . 53842 . 30035 
15 . 848 12 1 . 43045 . 22 4 04 
15 . 838 04 1 . 3946 1 I . 2 012 1 
15 . 8 15 19 1 . 38 078 . 18896 
15 .8 1226 1 . 37725 . 1863'7 
15 . 8 1005 1 . 3667 0 
i 
. 17979 
15 . 789 40  1 . 32477 . 15 146 
15 . 7579 1 1 . 25599 . 10536 
16 . 019 06 1 . 6663 1 . 398 11 . o4 o88 
16 . 00397 1 . 763 17 . 46455 . 07696 
15 . 7 1442 1 . 18826  . 05777 
15 . 9 0098 1 . 46o89 . 26 058 - . 00127  
15 . 96 12 0  1 . 556o8 . 32630 • 025 o8 
15 . 8985 1 1 . 49 15 0  . 2772 1 . 007 01 
15 . 9375 1 1 . 55288 . 3 193 1 • 02535 
Ta ble 9 ( c ont inued ) .  
X 
7-. ) 
• 73  
'7 5 • I 
. 75 
77 • i 
. 77 
. 8 0 
· . 8 0 
L OO 
C onfiguration 
1s2 , ,  
2 S l • OS 2 p-
3 • 8 3 S • 8 8 
2 l • 05 ,,-., 3 • 6 8 3 l" - O s c p  s 
') s 1 • 2 ,) ,,._s • 7 --;:, 8 • 8 5  � '- 1...I .,/ 
,...., 1 • 2 r. 3 • 5 5 -· l • 0 c: S  .c p  _) S  
2 8 1 • 05 2 p3 • as 3 5 ° s7  
2 � 1 • 05 2 r3 • 7 2 � S l � O ..., . � . ✓ -
2 8 1 • oe2 p3 • ss3 8
° s7  
0 5 1 • 08 2 p3 • 7 2 � 0 l • O c:.. - .,;' u 
2 s2 2 p 4 
ls 
15 . 8892 1+ 
15 . 92499 
15 . ,387 04 
15 . 93 152 
15 . 87017 
1 - " 0>3 '+7 -l.j . ':1 i j 
lr:; n r .. -, -, J . 00 ..L) t  
15 . 89937 
7 �  62 1 03 -../ . � --· 
Elect ron 
2 s  2 p  
1 .  i+7604- . 2 6687 
1 . 53259 . 30565 
1 . !�5 04 3 . 25226, 
1 . 52 128 • 301QL� 
1 . 4 1+452 . 24558 
1 . 5 0565 I 037r.::5 e L I ) 
1 . 425 06 . 233 10 
� 43 �· o3  l. .  . 0 . 2 75 03 
. 8 7 163 - 7 4 67 4  • .- I 
' 
3s  
. 00443 
• 02 o88 
- . 00147 
. 01794 
- . 00175 
. 015 15 
- . 0052 1  
.01103 
(X) 
I-' 
Table 10. One-e lectron energies of N-x ( o L x L 1 )  calculated by Slater ' s  
rec ipe . ( in  a o u. )  
- -
X 
0 
0 
. 22 
. 225 
. 77 
. 77 
. 86 
P6 . u 
L O  
Configurat ion 
1 2 , s ,
2 s2 2 p3 
2 s2 2 p2 -3 s 1 
2 s 1 • 012 p 4 • 2 -1 
2 8 1 • o2 p4 • 2 2s 
2 8 1•os 2 ps • as3 8 • s7 
2 1 • 05 2  3 • 7 2 �  l • O S p _) S  
2 . 1 • 06 2 3 • 9 03 • 9 0 s p s 
2 S l • 06 2 p S • 8 3 S 1 • 0 
2 s2 2 p4 
Electron 
ls 2 s  2 p  3s 
15. 42467 1. 42 05 1  . 15301 
15 . 87572 2 .  o8441 . 5792 0 . 15 016 
15 . 3095 0 1 . 25 12 4  . 03329 
15 . 307 03 l. 2 �•748 . 03 065 
15 . 399 06 1 .  4 1864 . 12829 • 00155 
15 . 4489 1 1 . 49856 . 178 19 • 01428 
15 . 36804 1. 3735 0 . 09688 -. 00334 
15 • 1+ 057 1 1. 43465 . 135 11 • 005 17 
1!� . 969 00 . 697 10 - . 353 11 
(X) 
fl) 
Table 11 . Cartes ian coord inates* used for the NH3 and 
NH" molecules . 
Atom X y z 
NH4 : 
N o . o  o . o  o . o  
Hi . 5800 . 58 00 . 58 00 
H2 - . 58 00 - . 58 00 . 5800 
H3 - , 58 00 . 58 00 - . 5800 
H4 . 58 00 - . 58 00 - . 58 00 
NHs :  
N - . 3600 o . o o . o  
Hi o . o . 8225 - . 4749 
H2 o . o o . o  . 9 498 
H3 o . o  - . 8225 - . 4749 
* The numbers are in un it s  of angstrom . 
c onfigurat ions of the atoms of NH4 ,  These  integrals are 
g iven in Table 12 . 
Us ing the Wolsberg-Hemholtz approx imat ion ( K  = 
1 . 75) for the off-d iagonal elements of · the Hamilton ian , 
we obtained the self-c ons istent -fie ld molet u lar orb itals 
and energies of the Burns orbita ls and the S later orbitals 
for the NH3 and NH4 molecu les . The result s  for the NH3 
83 
and NF4 molecules  are lipted in Tables 13 and 14 , res pec ­
t ively . It should be noted that the on-d iagonal Hamiltonian 
Table 12 . Overlap , kinetic and potent ial energy two-cent e r  integrals for the 
NH4 molecule by the Bu rns , Clement i, and Slater orbitals of �he atoms . 
Orbital Orb ital � Overlap . Kinet ic 1/ra Potential 1/rb Potential 
Ty pe  Pair Energy Energy Energy 
Burns 
r
s /Hl� 
I 
. 56422 . 13499 . 4 1706 . 4 17 10 
N2 p/Hls . 27478 • 16073 . 162 05 . 298 12 
N3 s/Hls . 3 1852 - • 00286 . 10765 . 1564 0 
( Hls/His . 32888 • 02 017 • 18461 . 18461 
C lement i 
t
2 s/Hls
� 
. 55487 . 13295 . 4 1671 - . 4 1038 
N2 p/Hls . 24 396 • 14894 . 15419 . 27092 
N3 s /Hls • o88 05 -• 00S39 • 025 07 . 03564 
Slater  t2 s /Hls
� 
. 54826 . 13138 . 4 162 00 . 4055 1 
!l?, p(Hls . 23443 . 144)+ 1+ . 15 132 . 26166 
l'J) S/ Hls . • 28972 - • 0055 0 • 09606 . 13936 
All energ ies are given in atomic unit s . 
(X) 
,__ -
Table 13. 
Orbital 
Burns : 
A 1 
E1 
E2 
A2 
Slater : 
A i 
Ei 
� 
A2 
Se lf-Cons istent-Fie ld molecular orb itals and energies  for NH3 by u s e  
of Wolfs berg-Hemholtz approximat ion (K = 1. 75 ) with Burns and Slate r  
orb itals. 
Energ) 
Coeff icient s of Atomic Orb itals  
(a . u. 
2s 2pz 2px 2py H1  H2 Rs 
- 0 77 186 · . 4896 o . o . 0122 o. o .2583 . 2583 .2583 
-. 54556 o. o . 6280 o . o o . o - . 23 16 . 4631 - . 23 16 
-. 54556 o . o O o O  o . o . 6338 . 4048 o .  o · - . 4 o48 
-. 42996 · - .2575 o. o  . 9580 o . o . 0491 • 0491 . 049 1 
- .75567 . 4662 o . o . 0148 o . o .27 03 .2703 .27 03 
- . 52802 . O �  0 o . o o . o  . 6532 . 4 170  o . o  - . 4170 
- . 52802 o. o . 6374 o . o o . o - . 2349 . 4699 - .2349 
- • 4202 - .2438 O o O  . 9639 o . o . 0443 . 0443 . 0443 
(X) 
\Jl 
Tab le 14 . S e lf -Cons is tent -fie ld molecular orbi tals and ene rgie s for NH4 with 
Burns and S later  o rbitals . 
Orbital  Ene rg) . ( a . u .  
Burns : 
A 1 - . 8352_6 
2s  2pz 
. 5036 o . o  
· T i - . 5886 3 · O • o ·, . 67 24 
T2 - . 58863 0 . 0  o . o 
Ts - . 58863 o . o o . o 
A 2 - . 04642 - . 3604 o . o  
S later : 
A i - . 8 5198 . 54 30 0 . 0 
T 1 - � 5766 1 0 . 0 . 694 3 
T2 - • 5766 1 o . o o . o 
T s - • 5766 1 o . o o . o 
A 2 •- o 02 04 5 - . 2202 o . o 
Coefficients of  A t omic Orbitals  
2px 2py 3s  H 1 H2 
o . o o . o - . 07 17 • 198 1  . 198 1 
o . o  c . o o . o I . 2 596 ,.., 5c6 • c:. ';J 
. 6724 o . o o . o . 2 596 - . 2 596 
o . o  . 6724 o . o . 2 596 - . 2 596 
o . o o . o 0 9015  . 10 16 . 10 16 
o . o o . o - . 0313 . 18 4 4  . 1844  
o . o  o . o o . o  . 2 597 . 2 597 
. 6 94 3  o . o o . o  . 2 597 - . 2 597 
o . o . 6943  o . o . 2 597 - . 2 597 
. o . o  o . o  " 9670 . 066 5 . 066 5 
Hs H4 
. 198 1 . 198 1 
- . 2 596 . 2 596 
- . 2 596 . 2 596 
. 2 596 - . 2 596 
. 10 16 . 10 16 
. 184 4 . 184 4 
- • 2 597 - . 2 597 
- . 2 597 . 2 597 
• 2 597 . - . 2 597 
. 066 5 . 066 5 
Table 15 . Partial orbital populations of the NHs molecule for molecular orbitals 
l is ted  in Table 13 0 
Bas is,  Molecular ' Molecular 
function orbital orbital 
type populat ion 
Burns A i  2 
E1· 2 
E2 2 
/:.2 · 2  
atomic orbital charge 
Slater A i  2 
Ei 2 
E2 2 
A2 2 
atomic orbital charge 
Atomic Orbital Poeulat ion 
2 s  2 p z 
. 9 051  o .  O 
o . o 1 . 1797 
o . o o. o 
0 09 00 o .  0 
. 995 1  1. 1797 
. 85 09  o . o 
o . o o . o 
o . o l o  188 1 
• o832 o. O 
. 934 1 1 .  188 1 
2px 2py Hi 
0 0034 o . o . 3638 
o . o o . o . 1367 
o . o l o l797 . 4 102 
1 . 882 0 o . o  . 0093 
1 . 8854 1. 1797 
. oo4 o o . o  0 3817 
o . o 1. 1881 . 4059 
o . o o. o . 1353  
1 . 8955 O o O . OCJ7 1  
1 . 8995 1 .  188 1 
H2 Hs 
. 3638 . 3638 
. 5469 . 1367 
o . o . 4 102 
. 0093 . 0093 
. 92 00 
. 38 17 . 38 17 
o . o  . 4 059 
. 5 4 12 . 1353  
. 007 1  . 0071 
0 9300 
(X) 
� 
Table 16 . Part ial  orbi ta l  popula t ions o f  the NH4 molecular  orbi tals  l i s ted in Tab le 14 . 
Bas is Molecular Molecul ar  Atomic Orb i ta l  Poeula t ion 
Func t ion Orbi ta l  Or.b i ta l  
Type Popula t ion 2s 2pz 2p 
2p 3s Hi H2 H3 
X y 
Burns Ai 2 . 9583 0 . 0 0 . 0  0 . 0 - • 01 1 5  . 2633 . 2633 
. 2633 
T1 2 0 . 0 1 . 2712 0 . 0 o . o o . o . 1822 . 1822 . 1822 
T2 2 0 . 0 0 . 0 1 . 2712 0 . 0 
0 . 0 . 1822 . 1822 . 1822 
T3 2 0 . 0 o . o 0 . 0 1 . 27 12 0 . 0 . 1822 . 1822 . 1822 
A2 1 . 04Il 0 . 0 0 . 0 0 . 0 
. 8821 . 0112 . 0112 . 0112 
Atomic orbi tal cha rge 1 . 0055 1 . 2712 . B709 . 8274 
S l a ter Ai 2 1 .  0278 0 . 0 0 . 0 0 . 0 - . 0021 
. 2436 . 2436 . 2436 
T1 2 o . o  1 . 301 1 0 . 0 o . o 0 . 0 . 1747 . 1747 . 1747 
T2 2 0. 0 o . o 1 . 301 1 o . o  o . o  . 1747 . 1747 . 1747 
T2 2 ·  0 . 0 o. o 0 . 0 1 . 301 1 o . o  . 1747 . 1747 . 1747 
A2 1 . 0164 0 . 0 0 . 0 0 . 0 •22'1:
8 . 0062 . 0062 . 0062 
Atomic orbi ta l charge 1 . 0442 1 . 301 1 . 9557 . 7742 
H4 
. 2633 
. 1822 
. 1822 
. 1822 
. 0112 
. 2436 
. 1747 
. 1747 
. 1747 
. 0062 
CJ:) 
CD 
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for the 1r3s  orbital was calculated by taking partial elec­
t rons from t he N2p orbitals so that there was one full 
e lectron in the N3s while the element was being evaluated. 
For this reason,  our procedure is not the normal s elf-con­
sis tent-field technique. 
One can now use various methods to calculate  the 
re lative s tabilities of the NH3 and NH4 molecule s . T able 17 
contains the molecular ene rget ic terms which we may emp loy. 
If we argue that. the - ½ (sum overall electron-e lec­
tron repulsions ) which must be subtracted  from the sum over 
the one-electron ene rgies compensates the nuclear-nuclear 
_ epuls ion in the same amount for the NH3 and NH4 , we have 
with 
NHs + H -----� NH4 , 
6E ( Burns ) = - . 16288 and 
6E ( Slat er ) = - . 220 17. 
(The negative sign implies that the NH4 is • the more 
s table. ) 
obtain 
Includ ing the change . in the total core energy, we 
6E (Burns ) = - . 29899 and 
6E ( Slater ) = - . 342 18. 
Table 17. Molecular energetic terms for Nfb and Nli4.. (a . u o )  
Term Burns 
NH3 NH4 NHs 
Sum of one-elect ron · -4 . 58588 -5 . 24876 -4 0 46387 
energies � valenc e  e lectrons 
Total core e lectron -35 . 42295 -35 - 559 06 -34 . 8 0155  
energy 
½ Electron-elect ron 19 . 6 0946 19 0 33107 �' 21 . 76973 
repuls ion on N in 
molecule 
Sum of one-electron -36 . 21041 -36 . 989 10 -35 . 07794 
energies 
Electrostatic ene rgy -. 02332 - 0 24055  - 0 02332 
Nuclear-nu� lear 15 . 55293 16 . 68 148 15 . 55293 
re puls ion 
Total energy by -55 . 843 19 -56 . 56072 -56 . 87099 
Method I 
Total energy of con- -56 0 12943 -56 . 62943 -56 . 6o655 
stituent atoms 
Slater 
½ • Electron-electron 19 . 0558452 20 . 957 1777 
repuls ion on N 
N}4 
-5 . 184 04 
-34.92356 
21 . 37102 
-35 . 92012 
- . 3 0007 
16 . 68 148 
-57 . 59 12 1  
-57 . 1o655 
\0 
0 
The electron- elect ron repuls ion energy, 
1 "' < . .  I i I . ·> 2 LJ ll � -- J J  . . r 12 l, J 
( i,  j on N) , 
9 1  
can be s ubtract ed from the sum of the one-electron energies 
and the nuclear-nuc lear re puls ion can be approximated by 
cond ens ing e lectron populat ions on a c enter  t o  the respect ive 
nuc leus.  Doing this , we have 
L'.:\E ( Burns ) = - . 2�753 -
L'.:\E ( Slat er ) = - . 22 022 
We have als o  calculat ed the total energy for the 
nitrogen and hydrogen atoms ; thus 
N + 3 H NHs , 6.E 
where 
L'.:\E ( Burns ) = . 28624 and 
6.E ( Slate r )  = - . 26444 0 
For NH4 , we  calculate analogously . 
N + 4 H > NH4 , 6.E 
w ith 
6.E ( Burns ) = . 06871 and 
L'.:\E ( Slat e r ) = - . 48466. 
Tab le 18 contains the coe fficient s of  the atomic 
orbitals  for the mo lecu lar orbitals of NH3 obtained by the 
effective -charge points method described in  Chapter III . 
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The corre s ponding i nput e lec t r �nic c onfigurati ons for the se 
calc ulations are lis ted in the firs t column . Tab le 19 shows 
the partial  orbita l popu lat ions for these mo lecu lar orbitals. 
A lis t ing of the ene rg ies , coefficien t s  to the 
atomic o rbitals , and input c onfigurations o f  the NH4 
effec t ive -charge po ints  calculation is  g ive n in Table 20 . 
The corres pond ing part ial  orb i ta l popu lat ions  are tabu lated  
in Tab le 2 1. 
The vario us input and out put  e lec t ronic con figurat ions 
of the two methods of  calculation fo r the Burns and S late r 
funct ions are lis ted  in Tab le 22. I t  is  intere s t ing to 
note that the re is no unifo rm pat tern to  the res u lts ; e . g. , 
the ch�nge in  res u lts  due to  the differen t c a lc ulat ion 
p rocedure s  twi ce  inc reases the ne t charge on t he hyd rogen 
atoms and twice . dec reas es that cha rge . 1 06 
Tab le 2 3 con ta,in s _ the mo le cular and · atomic energe t ic 
te rms with which to calc ulate reac tion energe t ics for the ' . 
effect ive -charge po ints method. 
106r t  should . be pointed out  that the term "ne t  
charge on an a t om "  can be mis lead ing i n  a calcu lation in ­
vo lving d i ffuse orbi tals , s uch _as the N3S. 
Table 18. Mo lecular orbi tal c oe ffic ients  and energie s ( in a. u. ) for  the given input 
ele ctronic configuration of the NH3 mo lecule for the Burns and S later 
rec ipe s : Effe c t ive -charge points �ethod . 
Bas is  fun c t ion · 
and input 
c onfiguration 
Burns 
t
2 s ) = 1 . 0  
N2p } = 4 . 12 5 _ 
Hls ) = . 9 583 
A 1 
E 1 
·E2 
Molecular 
orb ital  
ene rgy 2 s  
- . 89 54 5 . 5966 
- . 62 4 52 0 . 0  
-.624  52 o . o 
. Coe fficients  of  A tomic Orb i tals 
2 pz 2 p  X 2p  y H 1  H2 Hs 
o . o . 0043 o . o  . 2 1 17 . 2 117 . 2 1 17 
. 5662 0 . 0  o . o - . 267 1  . 534 1 -. 267 1 
0. 0 o . o  I . 5662 . 4626 0. 0 -. 4626 
A2 -. 47 4 40  . 15 13 o . o . 9820  O o O -. 022 5 -. 022 5  -. 022 5  
S later A 1 - . 78 11_1-6 . 6 15 1  o . o  
( N2 s ) = 1 . 0  E 1 -. 56231  o . o . 5984 
? N2 p ) = 4 • 12 5 E2 - • 562 3 1  0 . 0  0. 0 H ls ) = . 9 583 
A 2 _ . - • 4 7012 " 147 5 0. 0 
. 0082 0. 0 . 2052 
o . o o . o  - . 26 36 
o . o . 5984 . 4 56 5 
. 98 1 1 0. 0 -. 03 14· 
. 2 052 
. 527 1 
0. 0 
- . 03 14 
. 2052 
-. 2636 
. 4 56 5  
.:.. . 03 14 
\.0 
\.)J 
Tab le 19 . Par tial  orbital  popu lat ions of  the  NH3 molecule fo r the mo lecular 
orbita ls li s ted in Table 18 . 
Bas is Molecu lar Mo le cu lar A tomic Orbital  Populat ion  
Funct ion O.rbi tal  Orbital  
Type _Popu lation  2s  . 2p  2px 2 p  H 1  H2 z y 
Burns A 1  2 1 . 134 4  o . o - . 0009 0 . 0 . 2888 . 2888 
E 1  2 o . o 1 . 0328 0 . o - 0 . 0  . 16 12 . 6 4 48 
E2 2 o . o o . o o . o  1 . 0328 . 4836 o . o 
A 2 2 . 034 4  o . o 1 . 9 563 0 . 0 .• 0051  . 005 1 
A t omic orb ital  charge 1 . 1688 1 . 0328 1 . 9494  1 . 0328 . 9387 . 9387 
S later  l h  2 1 . 1707 o . o  - . 0013 o . o . 2768 . 2769 
E 1 2 o . o 1 . 0778  o . o o . o . 1537 . 6 148 
E2 2 o . o  o . o  o . o  1 . 0778 . 46 1 1  o . o  
A2  2 . 0290 o . o 1 . 9509 o . o . 0067 . 0067 
A t omic orbital charge 1 . 1997 1 . 0778 1 . 9496 1 . 0778 . 8983 . 8983 
H::; 
. 2888 
. 16 12 
. 48 36 
. 0051  
. 9387 
. 2769 
. 1537 
. 46 1 1  
. 0067 
. 8983 
\0 
+::" 
Tab le 20. Ene rgies ( in a. u. ) and molecu lar orbital coefficients for the given input  
e le c t ronic configuration of NH4 by the effective -charge points method for 
the Burns and S late r  functions. 
Coefficients of Atomic Orbitals 
Orbital  Ene rgy 
2s 2 pz 2px 2py 3s Hi H2 H3 H4 
Burns 
A 1 - . 9588 1- . . 5793 · O. O 0. 0 0 . 0  - . 0997 . 1723 . 1723  . 172 3 . 1723 
- . 6 5i55 . 6 532 T 1 o . o  0. 0 0 . 0  o . o  . 2738 . 2738 -• 27 38 -. 27 38 
T2 - . 6 5755  o . o  o . o  . 6 532 0 . 0  o . o . 27 38 · � . 27 38 -. 27 38 . 27 38 
T s -. 6 57 55 o . o  o . o  0 . 0  . 6 532 0 . 0 . 27 38 - • 27 38 . 2738 -. 2738 
f\ 2 -:- . 03408 . -. 14 1t l o . o  o . o  o . o  . 96 56 . 036 5 . 0365 . 036 5 . 0365 
In put configurat ion : · ( N2 s ) = 1. 06 , ( N2p ) = 3 . 72 , ( N3s )  = . 90 ,  ( Hls )  = . 8 3  
S later 
A 1 -.8 1837 0 5832 o . o o . o  o . o - 0 0372 . 1699 . 1699 . 1699 . 1699 
T 1 -. 56736 o . o . 6789 o . o o . o  o . o  . 2704 . 27 04 -. 27 04 - • 2704 
T2 -. 56736 o . o  o . o  . 6789 o .. o o . o . 2704 -. 2704 -. 27 04 . 2704 
T s - · . 56736 o . o  o . o  o . o  . 6789 o . o  . 27 04 - • 27 04 +. 2704 -. 2704 
A2 -. 0164  3 - . ,182 3 o . o  0 . 0  o . o  . 9728 . 0582 . 0582 . 0582 . 0582 
Input configurat ion : ( N2s ) = 1. 06 , -( N2p ) = 3. 90 , ( N3s ) = . 90 ,  ( Hls ) = . 787 5  
'-0 
Table 2 1. Partial orbital populations of the NH4 molecular orbitals lis ted  in 
Tab le 20. 
Molecular Molecular A tomic Orbital PoEulation 
Orbital Orbital · 
Population 2 s  2pz 2px 2py 3s H1 H2 H3 
Burns 
A 1. 2 1. 1 189 o . o  o . o o . o  - � 0093 . 2226 . 2226 . 2226 
T i  2· o . o  1. 22 52 o . o  o . o  0 . 0  . 1937 . 1937 . 1937 
T2 2 d . o  o . o  1 . 22 52 o . o  0 . 0  . 1937 · . 1937 . 1937 
T s  2 o . o  o . o  o . o  1 . 22 52 0 . 0 . 1937 . 1937 . 1937 
. A 2  1 . 0089 o . o o . o  o . o  . 9623  . 0072 . 0072 . 0072 
A tomic orbital charge l. 1278 1. 22 52 . 9530 . 8 109 . 8 109 . 8 109 
S later 
A 1  2 . 1. 1137 0 . 0 o . o  o . o  -• 0017 . 222 0 .2220  . 2220 
T 1  2 o . o  1. 2648 o . o  o . o o . o . 1838 . 1838 . 1838 
T2 2 o . o  o . o  1 . 2648 o . o o . o  . 1838 . 1838 . 1838 
Ts  2 o . o  o . o  o . o  1 . 2648 o . o  . 1838 . 1838 . 1838 
A2  1 . 0100 o . o  o . o  o . o  . 9664  . 0059 . 0059 . 0059 
A tomic orbital char.ge 1. 1237 1 . 2648 . 9647 . 7793  • 779 3  · • 7793 
H4  
. 2226 
. 1937 
. 1937 
. 1937 
. 0072 
. 8 109 
. 2220 
. 1838 
. 1838 
. 1838 
. 0059 
. 7793 
'-D 
l)"I 
Tab le 22 . Summary of input and output e le c t ronic configurations for the NH3 and 
NH4 molecu les by the Burns and S later  func tions. 
Wolfsbe rg-Hemho ltz  
Calculat ion · . A tomic 
Orb ital Input Output 
Burns NH3 
t
2
s
) 
1.00 . 99 51 .· N2p l  4 . 2 2 5  4 . 2 4 48 Hls . 92 5  . 9200 
S later  NHs 
· 
t
2
s ) 1 . 00 . 934 1 
N2p ) 4 . 22 5 4 . 2757 
Hls } . 92 5  . 9300 
Burns NH4 ( N2s ) 1 . 05 1. 0055 
N2p l 
3 . 8 5 3 . 8 136 
N3s . 87 . 8709 
Hls ) . 807 5  . 8274 
S later  NH 4 (N2 s 1 . 06 1 . 0447 
N2p 3. 90 3 . 9030 
N3s . 90 . 9549 
Hls • 787 5 . 77 43 
I 
Effe c t ive -Charge Points 
Input Output 
1 . 00 1 . 1688 
4 . 12 5  4 . 0150 
. 9 583  . 9387 
1 .00 1. 1997 
4 . 12 5 4 . 1052 
. 9 583  . 8983 
1. 06 1. 1278 
3 . 72 3 . 67 56 
. 90 . 9 530 
. 83 . 8 109 
1. 06 1 . 12 37 
3. 90 3.794 4 
. 90 . 9647 
. 787 5  · • 7793 
, o  -J 
Table 2 3. Molecular ene r�e tic terms for NH3 and NH4 via the e ffe c t ive -charge 
points method { a . u . ) .  
Burns S late r  
Term 
NHs NH4 NHs NH4 
S um over vnlence e l�c trons of 
one -� lec t ron energies -5. 23778 -5 . 89700 -4 . 7 521+0  -5 . 057 33 
Sum ove r core e lect rons of 
one -e lec tron energies -3 1 . 7 102 1 -3 1. 83357 -30. 7 1632 -30 . 7 3608 
½ Electron-e lec tron repu lsion 
on N in molecule - 19 . 3 1393 -10. 03366 2 1. 4 1018 -2 1 . 37102 
Ele c t rostat ic ene�gy - . 00647  - . 1876 1 - . 00647 -. 30012 
Nuc lear -nuc lear repuls ion 15 . 55293 16 .68 148 15. 55293 16 . 68 148 
Tota l energy of molecule -56 . 26839 -56 . 9 5187 - 56 .88 537 -57 . 464 55  
Total  ene rgy of cons tituent 
-56 . 1294 3 -56 . 62943  -56 . 606 55 -57 . 10655 a.t oms 
'-D 
The reaction 
N + 3 H 
with 
6E  ( Burns ) = -.13896 
and 
6E ( Slater ) = -.27882 
obtains the correct s ign for both types of functions , an 
improvemen t over the res ults of the Wolfsberg-Hemholtz 
calculation with  the Burns funct ions . The results lis t�d 
in Tab le 23 also yield 
N + 4 H 
and 
with 
l\E i ( Burris ) = -. 3224 4 , and 
6 E 1  _ ( Slater ) = -. 3 5800, and 
6E2 ( Burns ) = - • J-8 348 , and 
6E2 ( s iater ) = -. 079 18 
S ince H2 has a total ene rgy of -1 . 17 4 4  a.u., nature 
demand s  that 
6E2 ) - • 0872 and 6E i < _ -. 3488 
99 
The S later  func t i ons s at i s fy both c onditions for this  
r _ ec tive -charge points c alculat io n . 
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�he s pherical  atoms - in -mo lecu le s  appr oach was us e d  
G O  calc u late t h e  e igenva lue s o f  the NH4 molec ule for the 
S later r unc tions . The input coeffic ients we re thos e ob taine d  
b y  the S CF Wo lfsbe rg -Hemholt z c alcu lation .  The resu ltant 
e igenval es are lis ted  in  Tab le 24 , with the previous ly 
calcu lat ed  e igenvalue s . It is evident that the e le c tron­
e lec tron repu ls io n  integral approximation propo s e d  in 
Chapte r  III dras tically underes timates  the needed  va-ue s . 
Thus ,  furthe r c a lc u lations with the s phe rical  atoms -i  -
�.o ecu le s  technique were te rminated .  S ome of  the Hamiltonian 
e lements us e d  in the various calcu lations of the NH4 mo lecular 
orb itals are lis t e d  in Tab le 25. 
The total  e lec tronic ene rgies of  the NH3 molecu  e and 
i � s  constitue nt atoms are lis ted in Tab le 26 . The ene�gie s 
are tho s e  calc u lated for the Burns and S late r  func t ions by 
the Wolfsberg -Hemho ltz technique and the e ffec t ive - charge 
points  m� thod . The se  results  are compare d  With exper · mental 
data , ahd with .the ene rgies  · calcu lated by H .  Kap lan , who 
J� d Har tree -Foc k bas is  func tions with a S CF LCA O-MO 
p _ ocedure , 1 07 and with the re s u lts  of A . Duncan , 1 0 8 who 
l07H . Kap lan , J . Chem . Phys . ,  26 , 1704 ( 1957 ) .  
lOBA . B . F .  Dunc an , J .  Chem . Phys . , 27 , 42 3 ( 19 57 ) . 
Table 24 . Eigenvalues ( in a . u . ) of the molecular orbitals for the NH4 molecule 
as calculated for the Burns and S late r  functions by the three  methods . 
Molecular 
Orbital 
A 1  
T 1 =--T2 =Ts 
A2 
T 1  ' ==T2 ' =Ts '  
A2 ' 
Wolfsbe rg-
Hemholtz  
_ - . 83526 
-·. 5886"3 
- . 04642  
. 4  362 5 
1 . 136 16 
Burns 
Effective -
charge points 
-. 95881 
- . 6 57 55  
- . 03408 
. 39974 
2 . 37472 
S later · 
Wolfs berg- Effective - Spherical 
Hemholtz  charge points atoms -in-
molecules 
- . 8 5198 - . 8 1837 -1 . 707 47 
- . 5766 1 
I 
- • 56736 -1 . 31993 
- • 0204 5 - . 016 4 3  - . 18 19 5 
. 22 398 . 1012 5 
. 60967 . 50847 
f-J 
0 
f-J 
Table 2 5 .  S ome Hamiltonian elements ( in a . u . ) used in the calculation of the NH4 
mo lecular orbitals. 
Burns S later  
Hamiltonian 
e lement Wolfsberg- · Effective - Wo lfsberg- Effective - Spherical atoms -in-
Bemholt z charge points Hemholtz charge points molecules 
(N2 s  I N2 s) -. 66868 -. 74 359 -• 70296 - - • 7 0296 A 1 -1 . 686 19 
A2 - 1 . 69 523 
(N2p l  N2p) -. W7962 - . 53050 - . 47883 - . 47883 T 1 =T2 =Ts - 1 . 2924 1  
(N3s 1 N3s) - . 01162 -. 02487 - . 01013 - . 01013 P, 1 - . 14 556 
A2 - . 10130 
(Hls I Hls) - � 50000 - . 50000 -. 50000 - . 50000 A 1  -1 . 63151 
T 1 =T2 =Ts - 1 . 2924 1  
A2 - 1 . 38489 
( N2 s  I Hls) - • 57 782 -. 7 1864 - . 57 574 - . 54666 A 1 - 1 . 02 347 
A2 - . 90066 
(N2p j Hls) - . 22 532 - . 2 4673 - . 20004 - 0 18808 T 1 =T2 =Ts -. 32537 
(N3s I Hls) - . 086 10 - . 06807 - . 03930 - . 02780 A 1  - . 07297 
A2 - . 06 172  
( Hls l l  Hls2) - . 28786 - . 23947 - . 28786 - . 2 5882 A 1 - . 4 2352 
T 1 =T2 =Ts - . 4 4889 
A2 - . 38762 
f\.) 
Table 26 . Calculated  and experimental energy data on NH3 ( in a . u . ) .  
Energy te rm Burns S later 
W-H ECP W-H ECP 
Total molec-
ular energy -:55 . 8 4  3 19 -56 . 26839 -56 . 87099 -56 . 88 537 
Ene rgy of 
. s eparated 
-56 . 1294 3 - 56 . 1294 3 -56 . 606 55  -56 . 606 55 at.oms 
Dissociation 
energy · - . 28624 . 13896 . 26444  . 27882 
Ionization 
potentials 
€: 1  . 42996 . 47 4 40  . 42022 . 47012 
E: 2  • 54 556 . 62 452 . 52805 . 56231 
Duncan 
-56 . 0960 
-55 . 76 5 
. 3308 
. 36 537 
. 5957 
Kaplan Experi -
mental 
-56 . 280  - 56 . 56 4-5  
-55 . 902 -56 . 109 
. 378 . 4 585 
• 514 4  . 4 05 
. 7098 . 626 
I-' 
0 
'vJ 
employed  S later functions with the same method . Table 26 
also  lis ts  the calculated and experimental ionization 
potentials , the calculated value obtained by Koopman ' s  
theorem .  
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VII . CONCLUSIONS 
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FUNDAMENTALS 
The thought s  on quantum mechanic s of Chapte r  I are 
far from c omp le te . Space was de fine d as the s e t  of  all  vec -
tors  of the form , r = . ( x , y , n z ,  t ) .  An event is  a ·s ubs e t  
o f  the s pac e ; the subs e t  be ing chos en  to  locate an obs e rv-
ab le of  int e re s t .  (A  vacuum c ontains many null obs ervab le s , 
and is thus not of  intere s t - to  many peop le . ) The obs e rv ­
ab le s are pre dic ted  by quantum mechanics  i f  w e  as s ume the 
exis �e nc e  of  a s tate func tion which : 
1 )  has 5N + 1 independent variab le s 
2 )  is  de t e rmined by knowledge of its  value  at a 
given time , t ;  i . e . , on a hype r s urface 
3 ) obeys  the c ausality o f  re lat ivity 
4 )  obeys the supe rpos ition principle . 
This foimu lation  p lac e s  the obs e rvab le s  in  s e c ond ary impor ­
�anc e and the s tate func tion is fundamental ;  in  prac tice , 
howeve r ,  s inc e we d o  not gene rally know the s tate  func tion 
on a given hype rs urfa�e � we infe r its for� from the e qua � 
· t ions re lating . the - obs e rv�b le s to  diffe rent ob s e rvers  at 
diffe rent t ime s . 
We c a l l  the N of  the 5N + 1 ind e pend e nt variab les 
the number of par t ic le s in · our sys tem . For e ach  partic le we 
then have the ve c tor , p = ( m ,  q ,  x ,  y ,  z ) .  We not ic e  tha� 
many partic le s have a c ommon pa�ame te r ,  m , and c all  this �he 
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mass of this collection. Likewise many particles appear to 
have a common q, charge. We call two particles identical if 
they have the s ame mass and charge . 
The principle of causality implies the need for re­
striction (2) above . Qualification (3 ) ,  above, is implied 
by the finite s peed of a fastest signal, which is assumed 
independent of observer. 
Why we should expect to observe the linearity implied 
by the superposition principle needs further investigation . 
A "simpl.icity of nature " seems fundamental . 
As the equations for a state function were developed 
in t·erms of the observables, energy and position and time, 
it was necessary to introduce the concept of a potential. 
The use of the transformation laws of relativity for observ­
ables of interest is a tautology : We consider an observable 
to be of interest only if the quantity is transformable from 
one observer to another . The exis tence of potentials is jus­
tified emperica�ly. Relativity provides an elegant j ustifi­
cation for gravitatior:ial field--at least three more pote·n­
tials �eed elucidation. 
ATOMIC CALCULATIONS 
As a further check on the method of Chapter III for 
calculation of total energy of an atomic s pecies and further 
comparison of the Slater and �urns recipe, Table 27 contains 
the calculated total �nergy of each of the elements on the 
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Table 27 . Total energie s  { in a . u o ) of the f irst and s econd 
row atoms for the Slater and Burns rec ipes  by the 
method of Chapter III c ompared  w ith the Hartree­
Fock values . 
Atom Burns Slater Hartree-Fock 
He 2 .84 000 2 .8475 0  2 .8616785 
Li 7 . 4297 0 7 . 65328 7 . 432726 
Be 14 . 72695 15 . 67692 1 · 1- 0 57302 
B 24 . 77476 24  . 52717 24  . 529 05 
C 37 . 97300 36 . 9337 0 37 . 6881 . 
N 5 4 . 6294 1 52 . 3 12 06 5 4  . 4 009 1 
0 75 • o4979 7 0 . 86763 74 . 8 0936 
F 99 . 53846 92 . 80634 99 0 40929 
Ne 128 0 4 0027 118 0 33292 128 . 5J+7 0 
Na 162 . 8 183 0 163 099 162 161 0 85889 
Mg 2 02 .  02 139 2 03 0 40494 199 0 61461 
Al 2 45 . 94968 247 . 61546 2 4 1 0 87665 
S i  2 9 4  .. 8662 1 297 .26294 288 . 85429 
p 348 . 97534 35 1 . 4 0138 34 0 . 7 18Tl 
-
s 4 ct3 . 47998 4 11 . 38 1104 397 . 5 dt76 
Cl 47.3 . 58 1
05 477 . 01953 459 . 48 197 
Ar 544  . 48 169 548 . 5 1758 526 . 8 174 3 
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firs � two r ows of  the periodic tab le . The s e  c alc u lat ions 
are compared  with the Hart re e -Fock va lues  give n  by C lementi 
and D . L . Raimond i . 1 09 A lthough the me thod propo s e a  for 
calc u lat ion of the on -d iagonal Hami ltonian e leme nts  doe s 
as sume s pherical  s ymme try , this proce dure allows the one ­
e le c t ron  ene rgy to  be  a func tion of  ne ighboring e le c t ronic 
c onfigurat ion . Extrapolat ion of exis tent s pec tros c opic oata 
c ons ide rs  o n ly the total charge on the s pe c ie s . 
I t  �ight be note d t�at the e le c tronegat ivity of  an 
atomic  s pecies  can be calculated  by e va luat ing the 1 1 c henic al 
potentia l  I I  of"' e ac h  orbi tal . Thus 
E ( n . + e n . ) - E (n .  - on . ) l l l l 
i •r: ere E ( n . ) i s  the total e nergy of the s pe c ie s  with n .  e e e -
l l 
1:, rons � � h · t h b · t  1 in l, e 1- or i a .  The result s  of  such  calcu :at :ons 
nave �ee n  d i s appo inting . It  may be worthwhile to  us e the _ 
func tion  6 ( x )  in c onjunc tion with observed e le c trone gat ivi tie s 
to  obtain : .  
" .,...., C c.-
Q ni 
t,, ( ni . + o )  - D. (' ni - o )  
2 6  
10?c 1ementi  -and Rai!"{)_ondi !J op . • .J... C l v . , p .  2688 . 
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Here , EN is the  ob se rve d  e le c t r onegat ivi ty of the atom ; ir= is  tne  calc u late d e le c t rone gat ivity of the s pe c i e s  wi th 
0 :1 . l th n . e le c trons in  the i- orbital ;  and o is a s mall  numbe r ( on 
l 
the ord e r  of  . 01 ) . It  then s eems p laus ib le to  c ontain the 
e lec t rons in a mo lec ular sys tem 1 1 at equi lib r ium 1 1  ( in the 
ground s tate ) by demand ing that the e le c t ronegat ivitie s of  
each  orbital  c ontributing to a mo le cular o rb ital be  e qual � 
In this  manne r J the S CF e le c t ronic c onfigurati ons s hou ld be 
ob tainab le b e fore  eva luat ion of the s ec u lar  e quat i on . The 
�e ome t ry of  t�e mo le c u le would be  of s igni fic anc e only to 
determine which  atomic orbi tals can c omb ine in a give n mo ­
�e cu la� orbital ( in a group theore tic  s ens e ) an - t o  e s tab ­
iish  the value o f  t he energy of  e ac h  e le c tro n . 1 1 0 
The calcu lat ion of on -diagonal Hami ltonian e leme nt s  
by us e o f  the func t io n ,. 6. ( x ) ,  de fine d  in  Chapter  III , i s  
": .o s t  suited  t o  the Burns  re c ipe . O f  the thr e e  re c ipe s , 
. the Burns  parame t e r s  are ·the  mos t  ver s ati le t·or  evaluation  
o _  two -c e nt e r  i ntegrals ; however , the  C lement i  re c ipe pro - . 
c uc e s  func t ions which  are probab ly be s t  ne ar the nuc le us . 
= � might  be of inte re �t  to . g ene rate the  mo le cu lar orb itals 
fo r a sys tem bj emp loying _ the Burns .re c ipe ,  and the n ,  to 
s ub s � itute the S late r  or C leme nti parame ters for the S CF 
l lOR e c a l l  that t h i s  i s  pos s ib le on ly � 2 c aus e � he 
approximate  s cheme s  us e d  allow calculation o..L· s tationc;.,ry 
one - e le c t ro n  ene rgie s .  
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c onf :'i.��ra t ions into  the s e  mo lec u lar orbitals to calc u late 
nuc 1 -� -:v-� prope rties ., such as N:MR contac t te rms . 
l\'CLE<;ULAR CA LCUL4TIONS 
A l though the re s ults of the calculat ions  ind icate no 
d 2 finite pre fe re nc e  for  e ither the Burns o r  the S later  
�2 c ipe s fo r  d e te rmining orb ital parame t e r s ., the fac t that 
:ne 3�rns func t ions are more read i ly int e grate d for many 
p:i�c ipa l q uantum numbe r s  j us tifie s their  u s e  in many cal -
-- u la c ions . 
Botn  the Wolfs b e rg -Hemholtz  and the Effe c � ive -c ha�se 
�oint s  me thods gave fair  agreement with experime nt . I t  i s  
i , te.re s ting to  no te  that on ly t he Burns Wo lfsb e rg -Hemho lt z  
calc u lat ion o f  t h e  d is s oc iation  energy of  t h e  NH3 and NH4 
no le c u le s  was in  very poor agre eme nt with  exper iment . 
'J' Y1e : · eas on  is  that the Wo lfsbe rg -Hemho ltz  c a lc ulat i on 
had �ore e le c 't ron -e le c t ron  repu ls ion on the c e ntral N . 
The s phe rical  at oms - in-mo lecu le s re s ults we r e  d i s ­
<'.)pcin'ting . Pe rhaps  the calculation shou ld be  re peated wit,h 
��re acc urate  e le c t ron-e le c tron repu ls ion  inte grals . 
. _ I� �igh t be  inte re s t ing to  us e the · propo s e d  orb i ti� 
�ve ign ,: c 2 :1s or . ( equat ion 3 ·. 2 ·/ ) ·i: s tudy the e ffe ct  o :· 
1 1 2 le c t r·:J �-1 d onating " vs . " e le c tron ac c e p t ing " l igand s '.Jn.  a , 
�Js t . �  �f  inte re s t . The t ech�:�ue �ight b e  t o  do  a S CF 
tree:. ,- . .  .:; nt of  a II s tand ard " - molec u le ; then one could obs erve 
the par tial orbital populat ions on a given cent e r  as a 
func � ion of the  chos e n  e le c tronic configurat ion on anothe r 
1 1 1  
center. Perhaps this procedure could be used to corre late 
the F 1 9 NMR data in the meta and para positions of a 
phenol-X system, where X is the varied ligand. 
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APPENDIX lA 
We have, for a free particle, 
�*!° = constant = Z X ·* X ·  • J. l 
l 
where t_h_e xi are the different c omponents of 'Y .  Select 
some coordinate system �o  that all X ·  ' s are zero except 
l 
X i · Then X i* X i = constant. So we set 
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(A  . 1 )  
Shift in time c oordinate can only modify the phase 
of' '¥ .  For a finite shift 
� (r,t + a) = e-iwa� (r, t) 
We ex pect ru to be independent of time, since this 
has to hold at any time, t. Thus, for a shift from t = o 
by amount !_, 
) - iillt ( ) ':Y {r,. t = e '¥ r, o (A  . 2 ) 
- Shift in space can modify only t�e - phase. For a 
finite shift· by - amount p along x-axis 
ik b 
':Y ( x + b ,  • • .  ) = e x 'Y ( x,  • . •  ) 
We ex pect k to be independent of position, since ·. -x 
this is to hold for any x at any � and �- For  shift from 
x = o by amount �, 
Likewise, 
and 
ik X 
'l' ( x, • • . ) = e x t (o, . • •  ) 
'.¥ ( • , y, • • • ) = e ikyy 'l ( • , o, . • . ) 
ik z 
'!' ( • • , z ,  • • •  ) = e z '!' ( • •  , o, • . • ) 
1 16 
(A . 3) 
(A . 4 ) 
( A . 5 )  
Comb in ing all the variat ions o:f equat ions (A. 2), 
(A. 3), ( A. 4), and (A � 5), we o'bta in 
'.¥ ( r, t ) = exp i ( k • !. - mt] '.¥ ( o, o, o, o ) 
But '.¥ ( 0, 0 )  is just a pure number, so 
'.l' ( r, t )  = A exp i [ k •£. - rut] = A exp [ 21ri (o · r - v t ) ] 
where o and 11 are defined by this equation. 1 
{A . 6) 
(A . 7) 
Now, we could have chosen another coordinate sys­
tem stationary with respect to the one described by ( A . 1 ) 
so that · 'l' = X2, or '.l = X 3, etc. and such that the origins 
coincided. All must measure the same 'l' ( o_, o )  = A. Hen·ce, 
we have, 
l.rhis discussion is due to . G. H.  Duf:fey through my 
lecture notes :from the course in Theoret ical Physics 
which he taught at South Dakota State Univers-ity in the 
academic year 1964-1965 . 
1 17 
'l' = { A i exp [ 2ni (a • r - vt ) ]  = A i exp [ 2nicr • x ]  (A . 8) 
r
2 A2 . . 
• 
Another observer in a primed coordinate system, 
moving with respect to the observer defined by ( A . 1 ) ,  
might measure the A .  ' s  to be different ; but covariance 
l 
demands that 
and 
a '  • x ' = a • X 
Hence er '  is a four vector and the A . ' s  transform l 
as according to representations of the Lorentz group . 
1 18 
APPENDIX 2A 1 
Consider the scattering of a beam of particles by 
diatomic molecules (Figure 2A . 1) .  
particle 
beam 
a ccelerator vapor 
Since the path from the 
screen 
Figure 2A.l. Experimental setup for scattering experiment . 
accelerator t o  a point on the screen will be different for 
particles scattered at different ends of a molecule, we 
expec� diffraction due to the superposition principle . 
Construct the coordinate system shown in Figure 2A.2 
so that : 
. AC 1 rays ·1 and 2 ,  
BE 1 rays l '  a.nd 2 ' ,  
l plane of rays 
{2A .1) 
1 and l ' , 
FG l z ' -axis . 
l.rhis discussion is due to G. H .  Duffey through my 
lecture notes from the course in Theoretical Physics which 
he taught at South Dakota State University in the academic 
year 196 4-1965 . 
y 
2 c l 
z 
I I 
....__ _ -::_ - _  �/ - ...::::::­,,,,,, 
,,,.,,,,, 
X 
1'  
Figure 2A . 2 .  Paths of particles scattered by di-atani.c target . 
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Take ray 1 as the x-axis . Then 
BD = r sin a, 
CB = BD sin ¢, 
AF = r sin a.  
Now, EF is  perpendicular to ray l ' ; hence 
AE = AF cos (e + ¢ - 90° ) = AF .sin ( e  + ¢) 
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(2A . 2 )  
(2A . 3 )  
We must find the difference, o ,  in path length along 
the two different rays: 
o = AE - CB (2A . 4) 
Combining equations (2A . 2 ) ,  (2A . 3), and {2A . 4),  we 
obta in 
o = AF [ sin ( e + ¢) - s in ¢] 
Using the well known trigonometric identities; 
{2A . 5) becomes 
But 
so 
o = 2 ( AF) 9 os ( � 
. 
+ � )  e sin 2 
AG = AF cos ( ¢  + �) = r cos f, 
s:. 2 A • 0 . u = r c OS ,..., s 1.n 2 
(21\. 5)  
(2A. 5) 
12 1 
We assume that the potential is constant (zero) 
along· the paths. Let the total length of path 2-2 ' by L. 
Choose the coordinate system so that one component of '.¥1 
and one component of '¥2 are not zero . Assume that @_ is 
small enough so that this nonzero component predominates 
in '.¥1 ' and '¥2 ' • Then, at the screen 
and 
'.¥ 2 ' = A exp ( 21T i [ a L - v t] ) 
'.¥ 1 ' = A exp (27ri [ cr (L + 6 ) - V t] ) 
( 2A . 6 )  
The superposition principle demands that amplitudes 
add algebraically . Hence, at the screen 
'Y tot = 'Y 1 ' + 'Y2 ' = A exp · (2ni [ crL - V t] >{1 + e
2n iaO} 
The intensity of the beam on t he screen is then 
'Yi;0t'Y t ot = » A { 1 + exp (-2n icrO >} { 1 + exp (21r iaO ) } 
Simplifying, the using equation (2A . 5 ) ,  (2A . 7 }  
becomes 
= 4 A* A C O  s 2 . [ 27T rcr CO s /3 s in @_ ] 
2 
Making the substitutions 
I = A* A, 0 
4 . e s = ncr sin 2 , 
{ 2A . 7 ) 
(2A . 8 ) 
sr y = 2 cos /3 ,  
and averaging ove rall orientations of the molecule we 
obtain 
I =  2 I  (1 + si� sr) · o sr 
which is what we wanted to show. 
Since it is arbitrary which component in 'f is 
nonzero, all components must have the. space-time depen­
dence: 
exp ( 27T ia • x ) , 
although each component has an undete rmined phase . 
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